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Abstract. In this paper we study radial solutions of certain two-dimensional 
nonlinear Schrodinger equation with harmonic potential, which is supercritical 
with respect to the initial data. By combining the nonlinear smoothing effect 
of Schrodinger equation with LP estimates of Laguerre functions, we are able 
to prove an almost sure global well-posedness result and the invariance of the 
Gibbs measure. We also discuss an application to the NLS equation without 
harmonic potential. 



1. Introduction 

In Burq-Thomann-Tzvetkov [6], the authors studied the nonlinear Schrodinger 
(NLS) equation on R x R d with harmonic potential 

(1.1) id t u+(A-\x\ 2 )u = ±\u\ p - 1 u, 

where the space dimension was one. The purpose of this paper is to extend their 
results to two space dimensions. We will prove almost sure global well-posedness 
with respect to a Gaussian measure supported on r\s>o'rl~ S (see Section 11.21 for 
definition), and construct the Gibbs measure, absolutely continuous with respect 
to this Gaussian, which we prove to be invariant. 

We also study the NLS equation on R x R d without harmonic potential 

(1.2) id t u + Au = ±\u\ p - 1 u. 

In [5] , it was noticed that using an explicit transform (referred to as the lens trans- 
form in Tao [21]), we can obtain local and global well-posedness results of equation 
(|1.2p from the corresponding results of (|1.1[) . This issue is also pursued here. 

Like earlier papers on random data theory of NLS equations in two or more di- 
mensions (with the exception of Bourgain [3j), we only consider radial solutions. In 
the defocusing case in two dimensions, we have almost sure global well-posedness 
and measure invariance for (jl.ip . and almost sure global well-posedness and scat- 
tering for (|1.2p . when p > 3 is an odd integer; in the focusing case, we have the 
same results only for (jl.ip . when 1 < p < 3. 

1.1. NLS equation and probabilistic methods. The nonlinear Schrodinger 
equation (jl.2p and its periodic variant (which is solved on R x T d ) have been 
extensively studied over the last several decades. Beginning from Lebowitz-Rose- 
Speer [13] and Bourgain [2], [3], it has been observed that low regularity local and 
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global solutions to (|1.2|) onKxT d can be obtained via randomization of initial data 
and construction of Gibbs measure. This idea was later developed in a number of 
papers, for instance Burq-Tzvetkov [2], [5], Nahmod-Oh-Bellet-Staffilani [T3], Oh 
PU, H3, Thomann-Tzvetkov [25], Tzvetkov [26], [27]. In Burq-Thomann-Tzvetkov 
[6], the above-mentioned method was first used to study the equation (jl.ll) . 

There are three reasons why is worth studying. First, the spectrum of 

the harmonic oscillator H = —A + \x\ 2 is discrete, so can be approximated 

by ODEs, and the current techniques of constructing Gibbs measure apply at least 
formally. Second, (jl.lj) is solved on R x M. d where the space domain is non-compact, 
while the proceeding works usually involve a compact manifold. Also is related 
to (|1.2[) via the lens transform, so results about may shed some light on the 
study of (|1.2p , where probabilistic methods have not yet entered. Finally, also 
arise naturally from the theory of Bose-Einstein condensates, as noted in [6]. 

The major difficulty in the study of (|l.ip is that the support of the Gaussian 
part of the Gibbs measure contains functions with very low regularity. With ra- 
dial assumption the typical element in the support of the Gibbs measure belongs 
to C\s>qH~ > ' but not L 2 ; without radial assumption the typical element does not 
even belong to 'H 1 ~ d (the spaces V. cr , as defined in Section [L2l are Sobolev spaces 
associated to H; see Section [3] for more details). A consequence of this is that we 
cannot expect even local well-posedness in the deterministic sense for such low- 
regularity initial data. In fact in [23] local ill-posedness for W initial data was 
showrQ, provided a < a c := | — In particular, we have a c — ¥ 1 as p — > oo for 
the two-dimensional defocusing equation, thus deterministic local well-posedness 
fails completely for regularity below L 2 . 

In [6], the problem was resolved by a probabilistic improvement of (weighted) 
Strichartz estimate, and it was shown that H s e~ ItH / (w) almost surely belongs to 
some weighted Lebesgue space for S < |. Since a c < g in one dimension, local 
well-posedness in this space could be proved. In two dimensions, however, it will be 
shown in Appendix lAl that the distribution Hi/fu) is almost surely not a locally 
intcgrable function (thus cannot belong to any weighted space) when a > \. Since 
i fails to reach the a c threshold when p is large, we have to use different tools to 
get local well-posedness. Fortunately, the nonlinear smoothing effect of the NLS 
equation provides such a tool. To fully exploit this effect, we will work in X a ' h spaces 
(see Section 11.21 for definition) and use multilinear eigenfunction estimates. This 
requires p to be an odd integer; but we believe that by more delicate discussions 
we can remove this restriction and allow for all 1 < p < oo. 

When there is no radial assumption, the support of the Gaussian will have so 
low regularity that we can not even define the Gibbs measure. It would be pos- 
sible to use alternative Gaussians to get local results, but then we do not have 
an invariant measure, so global results still seem out of reach. One possible way 
is to combine the probabilistic local result with the high-low analysis of Bourgain 
or the /-method of Colliander-Keel-Staffilani-Takaoka-Tao. For a progress in this 
direction, see Colliander-Oh [7]. 



^The counterexample constructed in |23| was for 11.21 . but it could be easily adapted to ll.lt 
as noted in [24] : also one can check the proof there that the initial data could be made radial. 
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Finally, as we mentioned above, the study of (jl.ljl is closely related to the study 
of (|1.2[) . The result we obtain for (|1.2j) (see Theorem 11.21 below) is an almost 
sure global well-posedness and scattering result with supercritical initial data (the 
critical index of (|1.2I) is 5 — — > 1 as p — > 00 in two dimensions, while the 
initial data is below L 2 ), but due to the use of the lens transform, our result is 
unsatisfactory in the sense that (i) the space in which uniqueness holds is rather 
complex, and (ii) the Gaussian measure in Theorem 11.21 docs not arise naturally 
from (|1.2p , and we do not know how to construct the Gibbs measure of (|1.2p . This 
may be an interesting problem for further study. 

1.2. Notations and priliminaries. From now on we assume the spacial dimen- 
sion d — 2, and all the functions we consider are radial. Define the Hermite operator 
H = — A + |x| 2 . It has a complete series of real L 2 ad eigenfunctions 

(1.3) e k (x) = -±=C° k (\x\ 2 ), k>0 

with eigenvalue 4fc + 2. Here are Laguerre functions 

4(*) = ™(**e-*). 



Concerning these functions we have the basic pointwise estimates 

C < z < ± 

C(zv)~i -<z< 



(1-4) C%{z) < 



Cv-i(u$ + \v-z\)~i \<z<\ 
Ce~ cz z > 3l/ 



2 

where v = 4fc + 2, C and c (possibly with subscripts) are positive constants varying 
from line to line, and will be used in this manner throughout this paper. For an 
introduction to Laguerre functions, see Szego [TO] or Thangavelu [35], Chapter 1. 
The proof of (|1.4[) is also contained in [TU] or [T] . 

For a 6 K, 1 < p < 00, we define the Sobolev spaces associated to H: 
(1-5) K£ = {ue S' xad : ||«|| w „., = ||Hf u\\ LP < 00}. 

We also write = W vad . 

We also define a class of spacetime Hilbert spaces associated to H, as 

(I- 6 ) <*Tad = { B£ 5 rad(R X ^ 2 ) ! \\u\\ x „, h = ||H^ (id t - ^SIl^ < Oo}, 

or use radial Hermite expansion and Fourier transform to write 

h\\l^= (£( 4fc + 2 ) ff / (l + (T + 4fc + 2) 2 ) b |j- t (u,e fe )(r)| 2 dT 

where as usual (t) = (|£| 2 +1)^ , T% denote the Fourier transform (2ir)~^ J R e~ 1Tt f(t) dt 
in t, and (/, g) denotes the L 2 (M. n ) inner product of / and g. For an interval I we 
define a localized version of this space by 

(1.7) \\u\\ x «.b,i = m{{\\v\\ x <,,t : v(t) = u(t), t e /}, 

and denote it by X^' 1 . When / = [— T, T], we simply write X°ad' T '■ Since all the 
functions will be radial, the "rad" subscript will be dropped from now on. Trivially 
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%(T,b,i j s a se p ara ble Banach space (simply restrict a countable dense subset of X a ' b 
to I). 

We fix a smooth, non-increasing function rj such that 1 = r/(l) > r/(x) > r/(2) = 
for all x. Using this cutoff, we define Littlewood-Paley projections 

for dyadic N. Then Ajv = for N < 1, since the first eigenvalue of H is 2. Thus 
whenever we talk about A^r, we always assume N > 2. 

We shall use ffM to denote the cardinal of a finite set M, \E\ to denote the 
Lebesgue measure of a subset set E of a Euclidean space, A < B to denote A < CB, 
and define > and ~ similarly. The constants Cj and Cj will also be used freely, as 
indicated above. All these constants will ultimately depend on the only parameter 
p in (II. ip and (|1.2j) . Finally, we define the finite dimensional subspace Vk to be the 
span of {ej}o<j<fc- For a function g on R 2 or / x R 2 , where I is an interval, we 
define g% and to be the projection of g on Vk and V k . 



1.3. Statement of main results, and plan for this paper. Fix a probability 
space (Cl, S, P) with a sequence of independent normalized complex Gaussians {gk} 
on Cl (which has density ^-e - ' 2 ' dxdy, thus gk has mean and variance 1), so that 
u I— > (,9fe(w))fe>o is injective, and the series 

(1.9) /(w) = ^^Tl 5fc(w)efe 

converg^ in 5'(R 2 ), for all uj E Cl. Then / = f(uj) is an 5'(R 2 )-valued random 
variable, and is a bijection between Cl and its range. Our main results can then be 
stated as follows. 



(1.10) 



Theorem 1.1. Consider the Cauchy problem 

id t u + (A - \x\ 2 )u = ±\u\p- 1 u 
tt(0) = /(w) 

and separate two cases: the sign is — and 1 < p < 3, or the sign is + and p > 3 is 
an odd integer. In the former let a = 0, in the latter let < a < 1 be sufficiently 
close to 1, depending on p. In both cases let 1 > b > ^ be sufficiently close to i, 
depending on a and p. 

Then a.s. in P, we have a unique global (strong) solution u in the affne space 

(i.ii) y = e - itH /H + p| x° b ' T , 

T>0 

and we have continuous embeddings 

y c e- itu f(uj) + c(r, ?r (r 2 )) c c(r, n s>0 n- s (R 2 )). 

We also have a Gibbs measure on S 1 (M. 2 ), which is absolutely continuous with respect 
to the push forward o/P under f, and is invariant under the flow defined by il.W\ ). 



2 For example, we may take the usual product space C°° equipped with the product of complex 
Gaussian measures, and coordinate functions gj, and choose the (full- measure) subset where 
9fc( w )l = 0({k) 10 ) as £7, this can easily guarantee the convergence of 11. 9> . 



TWO DIMENSIONAL NLS EQUATION WITH RANDOM RADIAL DATA 



5 



Theorem 1.2. Let a and b be as in Theorem 17.11 Consider the (defocusing) 
Cauchy problem 

, , J id t u + Au = \u\ p ~ 1 u 

( ' \ «(Q) = /H 

with p > 3 an odd integer. Then a.s. in P, we have a global (strong) solution u in 
the affine space 

(1.13) Z = e itA f(uj) + p| X a ' h - T , 

and we have a continuous embedding 

Z C e itA /(w) +C(M,iJ CT (M 2 )). 

Here X a ' b ' T is defined in the same way as in HI. 6]) and {1. 7| ), but with H replaced by 
—A. We also have an appropriate affine subspace Z' of Z containing the solution u, 
in which uniqueness holds. Finally we have a scattering result: there exist functions 
g± e H a so that 

(1.14) lim h-e itA (/H+.g±)||^ =0. 

t— f ±oo 

The rest of this paper is devoted to the proof of Theorems 11.11 and 11.21 In Sec- 
tion [2] we recall the linear Strichartz and L 2 -based estimates with respect to the 
propagator e _ltH . We will rely on the functional calculus of H (thus the results 
hold for more general Schrodinger operators, though we do not discuss this here). 
Some results in this section are standard and can be found in, say, [7] or |20j . In 
Section [3l we prove some large deviation bounds for Gaussian random variables, 
and use these to construct the Gibbs measure of (|1.1|) . In Section 01 which is the 
core of this paper, we use a Littlewood-Paley decomposition and hypercontractivity 
of Gaussians to prove a multilinear estimate in X a,b spaces, which shows the non- 
linear smoothing effect. In Section [SJ we put these estimates together to develop a 
local Cauchy theory. Then in Section [6] we extend this to a global well-posedness 
result by exploiting the invariance of truncated Gibbs measure under the flow of 
approximating ODEs. In Section [7] we introduce the lens transform and convert 
the result on Ijl.ljl to one on (jl.2j) . proving Theorem 1 1.2 1 In Section El we show the 
invariance of the Gibbs measure, completing the proof of Theorem 11.11 Finally in 
Appendix we discuss the typical regularity (in terms of H) on the support of 
the Gibbs measure. 

1.4. Acknowledgements. I would like to thank Gigliola Stafhlani, who intro- 
duced me to this problem, for her guidance and constant encouragements; I would 
also like to thank Nikolay Tzvetkov, for his helpful comments on the first draft of 
this paper. 

2. Functional calculus and Strichartz estimates 

We begin with the following kernel estimate about the harmonic oscillator H. 

Proposition 2.1. Let ip be a Schwarz function, then for t > the operator ip(tti) 
is an integral operator with kernel K t (x,y) where 

(2.1) |Jf t ( a: ,tf)|<t- 1 (H-t-4| a; -tf|)- w . 



6 



YU DENG 



The implicit constants in < depends only on N andip. In particular, these operators 
Kt are bounded uniformly in t on W 7 > p for all a £ K and 1 < p < oo. 

Proof. It was proved in [8], Corollary 3.14 that, for any fixed N, the inequality 
()2.ip holds, provided 

(2.2) i>€SZ l ([0,+a O )) = {i>€S([0,+o O )):i>W{0)=0, 0<j<m}, 

where m is large enough depending on N (actually the same result was proved for 
any Schrodinger operator with nonnegative polynomial potential). On the other 
hand, when ip( z ) = e~ az with a > 0, we have from Mehler's formula that 

, s , s e~ 2at ( ll + e- 4at „ ,, x 2e- 2at 

(2-3) y) = n{1 _ e - M) ex P ( - 2 — —M + If I ) + T3 ' f 

Writing Iat — 5, we know 

1 l + er 2S „ „ , l0% 2e- 5 . c 



Kkr + |y|) + q • v < -tIs - y 



2 



21-e-aJVi-i 1 ^ ' 1 i_ e -2^ " - j" 
thus the kernel satisfies 

(2.4) < < ^-e-^l^l 2 <t _1 (l + t-^|a;- 2 ;|)- jv 

o 

for any N. Now for any fixed m, any function / € 5([0, +oo)) can be written as 

i 

(2.5) /(z) = / (z)+^ Cj e-^ z , 

3=1 

where /o € 6>q 1 ([0, +oo)) and <jj > 0. Combining the two results above, we have 
proved (|2.1j) . The uniform boundedness now follows from (|2.1j) . Schur's test, and 
commutativity of ip(tH) and H"5. □ 

Remark 2.2. The constants in Proposition 12.11 certainly depend on ip and the 
Lebesgue or Sobolev exponents, but this dependence can be safely ignored in that 
throughout this paper, we only use a finite number of fixed cutoff functions ip, and 
a finite number of fixed exponents. 

Corollary 2.3. Suppose 1 < p < oo, o~i,2 € M, R > and g is a function. 

(1) If <j\ > a 2 , and (g,ek) ^ only if 4k + 2 > R 2 (for example, when g = 
J2 N>R A N h for some h), then \\g\\wi-p > R ai ~ a2 \\g\\ w°2,p ■ 

(2) If o~\ < (T2, and (<?, efc) ^ only if 4k + 2 < R 2 (for example, when g — 
J2n<b,^ n ^ f or some h)> then \\g\\wi,v > R ai ~ CT2 \\g\\w' y 2.p ■ 

(3) If (g, efe) ^ only if 4k + 2 ~ R 2 (for example, when R — N is dyadic and 
g = Ajv/i for some h), then ||g||yv CT i>!> ~ R ai ~ a2 ||<?||w ct 2,p . 

(4) All the operators Y1n>r^ n > ^2n<r^ n o/nd Ajv are uniformly bounded 
from W <Tl,p to itself. 

Proof. First (4) is obvious, since J2n<r. ^ n ~ Vi^) anc ^ — ^(i'H) — r](2t'H) 
for some t, t', and J2 N>R A N — Id — J2n<r^n- Also it is clear that (1) and (2) 
implies (3). In proving these we may assume min{<7i, a 2} = 0, since Hfg satisfies 
the same properties as g. 
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To prove (1), choose a smooth cutoff ipi that equals 1 for x > 1 and equals for 
very small x, then in (1) we have g = ipi (R~ 2 H)g. Therefore we need to prove that 

(2.6) H-ti?<>i(ir 2 H) = 2~^M2~ k R~ 2 ~H-) 

k>0 

is uniformly bounded on LP for a > 0, where ip2(%) — x~z(ipi(x) — ipi(2~ 1 x)) is 
a fixed smooth compactly supported function. Using (|2.1[) . we can estimate the 
kernel K(x,y) of H"f i? CT ^i(i?~ 2 H) as 

(2.7) \K(x, y)\<J2 T^2 k R?0R\x - y\)~ N = R 2 ^{R\x - y\), 

fc>0 

where 

Mx) = 2 {1 -^ )k (2^x)- N < (1 + |x| ct - 2 )(.t)- w . 

The last inequality is easily verified by considering \x\ > 1 and |a;| < 1 separately. 
Therefore by Schur's test we have proved the uniform boundedness of the operator, 
thus proving (1). The proof of (2) is similar and is left as an exercise. □ 

To get Sobolev and product estimates, we next need a lemma. 
Lemma 2.4. For all 1 < p < oo and a > 0, we have 

(2.8) IMIw-.»~ \\(V) a 9\\L* + \\(x) a g\\ L *. 
In particular we have \\g\\wi,p < Hffllw^.p for o~i < o~%. 

Proof. See [5]. There the same result was proved for any Schrodinger operator 
with nonnegative polynomial potential (note the latter inequality also follows from 
Corollary (231). □ 

Proposition 2.5. We have the following estimates: 

(2-9) \\g\\w°i^ < \\g\\w2. q ' , 

if 1 < q, q' < oo and cr 2 — G\ > 2(4 — -) > 0. 



(2.10) 



k 



3=1 



k 



3=1 i& 



if a > and 1 < p. qj < oo with 1 < j < k and X)j=i g~ ~ p ' 

Proof. In considering (1) we may assume a\ = 0, and the inequality follows imme- 
diately from Lemma 12.41 and the usual Sobolev inequality. 

As for (2), if the W T,P norm is replaced by the usual Sobolev W a ' p norm, then 
(|2.10|) is a well-known result in Fourier analysis (for k = 2, but the general case 
easily follows from induction). Now using Lemma 12.41 we only need to show 

k 



W gi ■ "9k\\L» 



< 



(x) a 9l\\L«i n \\9j\\L"J, 



3=2 

which is simply Holder's inequality. □ 

Before proving Strichartz and other estimates, we need a lemma, which gives a 
representation formula of X a ' b functions. 
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Lemma 2.6. Suppose a, b G R. Then for every u, if \\u\\x°,t> < 1, we have 

(2.11) u{t,x)= f 0(A)e iAt Vajf^-^'etfxJdA, 

fe 

w/iere X)fc(4^ + 2) <T |»A(fc)| 2 = 1 f or all AeR. Furthermore, if b > |, i/ien we a?so 
Ziaue J R 1 0(A) | dA < 1; i/6 < \ and F t {u, e k ){\) is supported in {|A + 4fc + 2| < if} 
/or eac/i fc 7 w/iere if > 1, i/ien we also have J R |</>(A)| dA < if i~ b . 

Proof. Using radial Hermite expansion and Fourier transform, we can write 

u(t,x) = (27r)"5 V / Ft{u,e k ){T)e ltT e k {x)&T 
k Jr 

= (2tt)-3 V / T t {u 1 e k )(\-Ak-2)e-^ k -^ t e k {x)e itx d\ 
k 

so we may choose 

_ i 

(2.12) OA(fc) = (7i<«,e fc ))(A-4fc-2)- [^(Al + 2Y\F t {u,e l )(\ - Al - 2)\ 2 ^j 
and 

(2.13) 0(A) = (2tt)-* ( ^(4/ + 2)'|7i<«, e ; )(A - 4? - 2)| 2 ) ° . 

Then we clearly have X^fc(4& + 2) a \ a \{k)\ 2 = 1 f° r cacri A, and from the definition 
of X a ' h norm we see 

(2-14) / (A) 2 *|0(A)| 2 dA = ^N|^, 6 <l. 

If b > ±, then (A)~ b e £ 2 (K), and it follows from Cauchy-Schwartz that ||0||z,i < 
||(A) 6 0||l2 • ||(A) _b j| i 2 < 1. If instead 6 < | and u satisfies the support condition, 
then 0(A) = if |A| > if . Again from Cauchy-Schwartz, 



(2.15) U\W<(! (\)- 2b &\) 2 ~K 

\J\X\<K J 



i-b 



a 



Proposition 2.7. Suppose b > \, € K, and 1 < q 2 ,r 2 < 2 < q,r,qi,r\ < oo. 
We ftat>e </ie following estimates: 

(2-16) ||e- itH 5|Ur LS([ _ Ti71xRa) < (T)^||.g|| i2 , 



if - + - = \, and g is defined on ° 2 
(2.17) r 



[ e-^-^u{s)&s <(T) 1+ ^\\u\\ L?Ll2{[ _ T , T]xR2) , 

^ j: + 71 = h j; + t; = h and u is de fi ned on [~ T , r]xi 2 . 

(2-18) |M| L-W' 1 '" ([-T,T]xR2) ^ C0 F IMI*"2.i>.t, 
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if (72 — CI > 1 — 



> 0, and either u is defined on [— T, T] x M 2 , or u is defined 



on IK x 



(2.19) 



and the right side is replaced by \\u\\ x ^ 2 ,b 



<<T)« *\\u\\ L?w: i,n 



([-T,T]xR 2 )5 



if b < 1, (72 > 2^T' arl ^ either u is defined on \—T,T\ 



or u is defined on 



supported on [~T,T\, and the left side is replaced by \\u\\ x <7 1: b-i . 



(2.20) 



IM|c([-T,T],Wi(R 2 )) ~ II^IU"!' 6 -' 



if u is defined on [-T, T] 
can be taken 1. 



In particular if T < 1, all the implicit constants 



Proof. For (|2.16l) . since e _ltH is periodic, we may assume T < 1, thus (T) ~ 1. In 
addition, by subdividing the interval [— T, T], we may assume T is small enough. 
Substituting a — i in Mehler's fromula (|2.3I) . we can easily see the integral kernel 
of e~'* H is an L°° function in the space variables with norm < for \t\ < T. 

Now using the TT* method we reduce (|2.16[) to 

i-T 



(2.21) 



a _ i(t _ s )H 



u(s) As 



< 



L^L%([-T,T]xR 2 ) 



L-'Lj'([-T,T]xR 2 )- 



Now we interpolate between L 2 conservation and the L 1 — > L°° inequality deduced 
from the L°° bound of the integral kernel, to get ||e~ 1<5H <?||£.3 < \S\ «~ 1 \\u\\ Lq > for 
\t\ T. Using this and the usual Hardy-Littlewood-Sobolev fractional integral 
inequality, we immediately get (|2.2ip . 

Now from (|2.16[) and duality we easily get 

e'^-^uis) ds < (T) 1+ ^-^\\u\\ L?Ll2{[ _ TtT]xR2) , 

Lt 1 Ll 1 ([— T.T] xR 2 ) 

for the exponents qi,ri,q2,r2, thus from Christ-Kiselev lemma we get (|2.17l) . 

We now prove (|2.20|) and (|2.18p . under the assumption 02 — 01 = 1 — | — 2 = 
0. Here we may assume <j\ = 0. By the definition of X°' b T we can assume 
that u is defined for all t G M, and only need to prove that the left side of each 
equation is controlled by ||u||^o,b. We shall use || • \\% to denote either the norm 
' Wl-l%([-t,t]xR2) or || • || C ([-t,t],l 2 (r 2 )), and from what we just proved, we 

know 



,-itH 



(2.22) 



9\\x HsIU 2 - Assume 1 1 1 1 ^o,b < 1, by Lemma \2. 61 we write 
u(t,x)= f c/>(A)e ut VoA^e-'^'e^aJdA 



k 



with IJ^IIl 1 S 1 an d J2k \ a ^(k)\ 2 — 1 f° r each A. Then we have 



^(A)e iAt e-» H Mr 
From Minkowski and Cauchy-Schwartz we see 



a\(k)e k dA 



(2.23) 



\ u \\x 



< 



\ L i ■ sup 
A 



\ L i ■ sup 

A 



e .At e -itH( J- 



^ flA (fc) 



a\{k)e k 
<1, 



L 2 
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proving (|2.20[) and this special case of (|2.18|) . To prove (|2.18|) in general, we use 
Proposition 12 . 51 to reduce 



IMIl;;hC' 9 ([-t,t]x K 2) £ IMI Lrw ^' (h T,T]xR 2 ) ~ ( T )"IMI^2,o.t, 

where ^ + j. = \ ( so that 2 < q, q' , r < oo and (T2 — a\ > 2{-^ — i) > 0), and with 
obvious modifications when u is globally defined. 

Finally we prove (I2.19|) . Again we may assume u\ = 0. For » = iion [— T, T] 
and v — elsewhere, we need to show 



(2.24) \\v\\ x o^<{T)™—*\\u\\ L v 



For any u> with ||u>||;to,i-!> < 1, we have 
(2.25) 



vw dtdx 



uw dtdx 

-T,T]xR 2 



l; 2 x ([-t,t]xr 2 )- 



~ IIHIl* 3 x ([-T,T]xR 2 ) ' IMIl? 2 x ([-T,T]xR 2 ;p 



where 93 = ^rj ■ Thus by duality, we only need to prove ||tu||i|a < (T) 2 '3 ||iy||^o,i-6 
for all 2 < 53 < |. Since the imaginary power (idt — H) IT is an isometry on L\ x , 
we can use Stein's complex interpolation to reduce to the cases (&, q%) = (1, 2) and 
(6i,4), where b\ = g3 2 ^^ g3 < i. The former is trivial by definition, and the latter 
is a special case of (|2.18p . □ 

Lemma 2.8. Fix er, 6eIR ; 0<T<l and a cutoff function ip. 

(1) If -\<b' <b <\, then for u G A" 7 ' 6 we have 

(2.26) HVCT-HHIa^' <7 lb - fc '|| W ||^„,,. 
Also for u £ X a ' b T we have 

(2.27) IMU*,6',t < T h - b '\\u\\ x „ b ,T. 

(2) If \ <b' = b < I, then for u G A" 7 ' 6 wif/i u(0) = 0, KJb}) holds, as well as 
the limit 

(2.28) lim \\tb(T-H)u\\ X a,i = 0. 

T->0 

Proof. (1) If (|2.26|) is true, then for any u £ X"> b > T and any extension v € A"" 7,6 of 
w, we have 

provided "0 = 1 on [—1,1]. Taking infimum over v, we get (|2 . 2T|) . Now we prove 
(12^261) . Define the operator Mu(t,x) := e itH u(t, -)(x). We have 

id t (Mu) = e itH (id t -H)u, 
and therefore we get = || j^b^o- . Since M also commutes with multipli- 

cation of functions of time, we can reduce to \\ip(T~ 1 t)v\\ Hb > n „ < T b ~ b ||u||#i>ft<r. 
By eigenfunction expansion, we can further reduce to 

(2-29) U{T-H)g\\ Hbl <T b - b '\\g\\ Hb . 

By composition we may assume < b' < b or b' < b < 0, by duality we may assume 
< b' < b, by interpolation we may assume b' e {0,6}. 
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First suppose 6' = o, and we want to prove that multiplication by ■0(T -1 t) is 
bounded, independent of T > 0, on H b . Since it is bounded on L 2 , we only need 
to show that it is also bounded on H b . By rescaling we may set T = 1. For each 
g £ H b , we split g = gi + g2, where gi is supported on {|£| < 1} and gi supported 
on {|£| > 1}. Multiplication by tp is obviously bounded from H 1 to H 1 , and from 
I? to I?. So it is bounded from H b to if 6 , thus H^S^H n-f. IS llfl^a || fr*> ^ H^Hn*- Since 
6 < h, we also know 



|t|<i 



\9i(r)\dT < ||k| b 5i(T")|| i 2 ([ _ lil]) ' ||kl b \\ L 2 ([ _ hl]) £ llffilliji ^ llfflljji.- 



Thus (V'5i) A ( T ) = {'if) * 9x){t) is bounded pointwise by (t) ^HsH^-i,, since ip is 
Schwartz, and the result follows. 

Next suppose b' — 0, we only need to prove the stronger result 

H(T-h)g\\ L ,<T b \\g\\ kb . 

By rescaling we can set T = 1. Using the same splitting g = gi + gi-, we have 
fclU' < h-AW S WgWfr, and |^ 5l (r)| < (r)- N \\g\\f lb - This proves Q and 
hence (|2~26]) . 

(2) We want to prove (|2.26j) . and again we can reduce to (|2.29|) . where we also 
have g(0) = 0. Using the same arguments as in (1), we can further reduce to the 
boundedness on H b and assume T = 1. Split g = gi + gi so that (though we are 
considering H b norm here, we still assume g € H b , so g € L 1 ) 

ff2(r) = X| T |>i • g(r) - \ [ g(X) d\ ■ xi<|t|<2, 

z J\X\>1 

then gi is supported in {|r| < 2}, 32 is supported in {|t| > 1}, both g^ has integral 

zero (since g has integral zero), and ||<7j||jj<<> < \\g\\H b ( smce b > |, ||s||£i({i T |>i}) ^ 

IIM^IU 2 = IbllijO- For 5i we have HV^H^t, < H^Hi^ S WqWh" as in C 1 ); for 9i 
we have 



Z" 2 



toi) A (r) = y (V(r - - d£. 
By Cauchy-Schwartz 

l(^i) A (r)| < \\ gi \\ Hb ( 1^ |er 2b |^(r - - ^(r)| 2 d^ ' < (r)- N \\g\\ Ab , 

and (|2.29l) follows. Finally, to prove (|2.28p . we first use the operator M and approxi- 
mation by a finite linear combination of eigenfunctions to reduce to || ip(T~ 1 t)g\\ H b — > 
(T — > 0). Since this is easily verified for Schwartz g, we only need to check any 
g £ H b with g(0) = can be approximated by Schwartz h also with h(Q) = 0. But 
this easily follows since H b is embedded in L°°. □ 



Proposition 2.9. Suppose | < b < 1. We have 



2 

ft 

(2.30) 



' " /H w(s) ds 



< \\u\\ X <r.b-l.T, 



\b,T 



for T < 1. j4Zso /or it £ A'' 7 ' ' , </ie {unction \\u\\ Xa ,b,s is continuous for T > S > 0, 
and if u(0) — 0, it tends to as <5 — > 0. Moreover, if p > | and 

(2.31) ||tt - e" i(t " fc,5)H u(M)|| A ... i ,,[( fc -i) j ,( fc+ i) 5 ] < C 
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for\k\ < K, then 

(2.32) \\u - e- itH tt(Q)||^,».K i < ciif 2 ^*. 

Proof. For the operator M defined in the proof of Lemma 12.81 we have 

(2.33) M (J Q e " i(t " S)Hw ( s ) ds ) = J Mu(s)ds, 

therefore we can again use eigenfunction expansion to reduce the problem and see 
that (|2.30|) will follow if the operator 

(2.34) g(t) i ^ lg{t) := r)(t) f g(s) ds 

Jo 

is bounded from H^ 1 to H b , where r\ is a fixed smooth function supported on 
[—3,3] that equals 1 on [—2,2]. Choose a smooth compactly supported function 
ip that equals 1 on [—10, 10], and cj) supported on [—5,5] that equals 1 on [—4,4]. 
Then we have 

(2.35) lg(t)= v (t) [ ^(jt-8)<f>(a)g(s)d8-ri(t) f <t>(s)g(s)ds. 

J-oo J-5 

We know multiplication by r\ is bounded on H b , multiplication by <j> is bounded on 
H 1-6 (to prove these, we first prove them in L 2 and H 1 explicitly, then interpolate), 
and convolution with ij) ■ X[o,oo) is bounded from H^ 1 to H b , since its Four ler 
transform is controlled by (t) -1 . Thus the first term is bounded. For the second 
term, we only need to prove 1(5,00)1 < HsHi^-i, where O = <t>'X[o,S\ witn |0o(t)| < 
(t) _1 . But this follows from Plancherel, Cauchy- Schwartz, and the assumption 
b> i. This proves ((2301) . 

Next we consider the function M(8) := \\u\\x"^,s, which is clearly nondecreasing. 
Since we only consider < 8 < T, we may assume u is defined for t 6 R and belongs 
to X a ' b . For each 8 > 0, denote by Mo the left limit of the function M at point 8, 
and choose a sequence S n f 8, and (by definition) a sequence of v n so that v n = u 
on [— 8 n ,8 n ] and linin-^oo ||w n || x a ' b ^ ^o- These v n have a subsequence converging 
weakly to some v with ||w||^<T.i> < Mo. Using the embedding L^° / H% D X a,b , we 
easily see v = it on [—8, 8]. This proves left continuity. To prove right continuity at 
8, write M(S) = Mi. For any e, we choose v = u on [— 8, 8] and |M|;t<' > i> < Mi + e. 
Let u — v = w with w = on [— 8, 8], and define 

iu T = (^(T-\t - (5)) + ^(r- 1 ^ + $)))«;, 

for some suitable cutoff which equals 1 on a small neighborhood of 0. From the 
definition of w T , we see that for small r, v + w T = u on a neighborhood of [—8, 8]. 
From Lemma |2"T51 we know ||w T ||;f > b — > as r — > 0, thus \\v + w T \\ x <r,b < Mi + 2e if 
t is small enough. This proves right continuity. Finally, if u(0) = 0, then 

lim ||u||^<t,6,5 < lim ||?/>(t i)^^^ = 0, 

6— >0 r— >0 

for the same cutoff ip. 

Finally we prove (I2.32[) . From (12.311) and the embedding ||g||Lj>°M;j < lls'll^" .M 
we see in particular \\u(kS) — e~ lfcl5H u(0)||"H<T < X. Now choose Wk so that Wk = 
u — e _1 (* _fc *' H M(fc<S) on [(& — 1)8, (k + l)S] and || ^(Ja; || < C, and choose a partition 
of unity ipk subordinate to the covering {((fe — 1)8, (k + 1)5)} of [-K 8, KS], so that 
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^fe(i) = V>fe(f — k) and ipk have bounded Schwartz norms (this is well-known). We 
then have 

(2.36) w = V'feWfe + *Pke- i{f - kS)II (u(kS) - e-' lkSII u(0)) = v on [-K8, K5], 

k k 

and || w\\a.b < K 2 5~^ , since it is easy to check (by reducing to estimates of functions 
of t and interpolating between L 2 and H 1 ) that multiplication by ipk is bounded 
from X a ' h to itself with norm < , and that by definition 

\\^ k e-^- kS ^(u(k8)-e- ikm u(0))\\ xa , b = \\u(k6)- e - ikm u(0)\\n4Mm < KS^ b . 
This completes the proof. □ 



3. Construction of Gibbs measure 

We will construct the Gibbs measure of (jl.ll) for 1 < p < oo (defocusing case) 
and 1 < p < 3 (focusing case). From the definition (|1.9JI of /, it is obvious that 



(3.1) ||/H||^=^(4A ; + 2r 1 +n 5fe H| 5 



fc=0 

This expression is a.s. finite if r < 0, and is a.s. infinite if r > 0. Thus we have 



(3.2) /h e n°- := f) n-\ 

S>0 

a.s. in P. Define /i = Po/ _1 to be the push- forward of P under /, then we see that 
the typical element in the support of /i belongs to any H~ s for all S > 0, but does 
not belong to L 2 . We also define ^=Po (/a*) -1 , and ^=Po Now we 

prove two lemmas concerning linear and multilinear estimates of the eigenfunctions 
ek(x) as defined in (|1.3[) . 

Lemma 3.1. for any 2 < q < oo and q ^ 4, write ^ = 4fc + 2 /or fc > 0, i/ien we 
have 

(3-3) lklU*(R2) <^ p(9) , 

where p(q) = min { ^ — ^ ^} • If q = 4 we have 

(3-4) He/clli^ciR 2 ) ~ v ~* lo S* ZA 

Proo/. Since e k (x) = n^i C° k {\x\ 2 ), we easily see WekW^^ ~ ||£^|| L , (R+) . Then 
we can use (|1.4[) to compute 



(3.5) ||/: fc |ll4 (R+) < ^ dz + ^ M-Mz 

+ \v-z\y 1 dz + 



v- 1 
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This proves Q3.4p . As for p.3[) we have 



(3.6) 



\rO\\q < 

l- t -fcllz,9(M+) ~ 



dz + (zv) * dz 



I 2 q r 

+ v~i / (i>i + \v - z|)~ 4 dz + / e~ cz dz 



□ 



Lemma 3.2. Suppose I > 4 and n 1; • • • , > 0. Let Vj = Anj + 2 for 1 < j < I, 
and assume v\ > • • • > vi . Then we have 



(3.7) 



^ni (^) ' ' " &ni (#) 



_ I _ i 



Moreover, if v\ > for some e > ? then 



(3.8) 

for all N > 0. 



e ni (^) ' ' ' &ni (^) 



Proof. Recall that He nj ~ v i e nj and H is self- adjoint on L 2 (M. 2 ), we can compute 
using Proposition 12.51 and Lemma 13.11 that 



(»£J ' ' ' (x) 



< Vi m \\W n (e n2 ---e ni )-e ni \\ Ll 



< 



v x ||e„ 2 • • • e„ ; || W 2 m 

~ V X m Z_ J llenjllw 2 " 1 - 2 ! 1 " 1 ) H IKJIl 2 ' 1 - 1 ) 

If v\ > we can choose m large enough and prove (|3.8|) . As for (|3.7j) . we choose 

m = 1 and estimate 



f'Tli (^) ' ' ' (<e) 



< • • • e„J • e ni \\ L i 



< v x 4 log 4 z^i • ||e 



"2 "illyy2,§ 

— — — t — r 

< v x 4 log 4 i/i • v 2 \\e n2 \\n\\e n3 \\ L i ]__[ ||e„J| L 4 (l -3) 

— 1 3 —I 3 

< v x A v£v z 4 log 4 v x 

_1 _1 

< 2 IA, 4 lOg ^1 . 



□ 



Before we are able to state and prove the probabilistic LP estimates for our 
5'- valued random variable /, we need a result proved by Fernique. 
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Lemma 3.3 (Fcrnique). There exist absolute constants c, C such that for any finite 
dimensional normed vector space (V, || • ||), any centered Gaussian random variable 
f(uj) taking its value in V, and any positive constant A, if P(||/(a;)|| > A) < j^, 
then 



(3.9) E(e cA ) < C. 

Proof. See Fernique 111 or Prato-Zabczyk [IS], Theorem 2.6. 



□ 



Proposition 3.4. Fix 2 < q < oo, 1 < r < oo, < a < min(|, 1 — ~) ; and two 

positive integers M > 10iV. For any g, we define 

M 

(3.10) Ug= (9,ejW 

j=N-l 

Then, for the random variable f as defined in tl.9}) , we have the large deviation 
estimates 

(3.11) 
(3.12) 



»(||n/H|| w «„ > AN- 5 ) <Ce 



-cA 2 



P(|| 



itH 



n/MH 



L]:WS ,9 ([-T,T]xM 2 ) 

where S > is some small positive exponent. 
Proof. We compute for each t 6 [— tt, it] 



> AN- S T~) < Ce 



~cA 



„ M 

) = / E V (4j + 2) 2 ^g j (cj)e j (x) 



(3.13) E(||e- iiH n/0 

3=N-l 

Now by Khintchine's inequality (the variant for Gaussians), we have 



dx. 



(3.14) 



IE 



M 



J2 (4j + 2)V fli ( w ) ej (a:) 

j=N-l 



< 



M 

E 



e 3 {xf 



W 1i ^ + 2 )" 

Then integrating in cc, using Minkowski's inequality (since q > 2), we get 



(3.15) 



EOie-^n/HH** .,) 



< 



due to Lemma [3~T1 and the assumption a < 2p(q). Now we can take t = in (|3.15p 
and use Markov's inequality and Lemma 13.31 and immediately get (|3.11|) . 

As for (|3.12p . we need a little more work. What we need is 
(3.16) P(||e- itH n/H" - < ~ 1 ' ' 



> CN- S T~) < 



10' 



for large C . If the event in (|3.16[) happens, then there exists an integer / > such 
that 



(3.17) 



{t G [-T, T] : ||e- itH n/(a;)|| w£ ., 9 > 2 l N- b }\ > K2~ 2rl T. 



For fixed t, due to (|3.15|) and Lemma l3~3l the probability that ||e ltH II/(w)||yy=,<j > 
2 l N~ s is less than cie _C22 . We then use Fubini's Theorem to conclude that the 
probability that (13.17)) happens is less than K~ 1 ci2 2rl e~ C22 . Then we sum over 
I > and choose K large enough so that this sum is less than A. □ 
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Corollary 3.5. For the same parameters q,r,a as in Proposition \3 -4\ we have 

(3.18) P(||/M||w».« > A ) <Ce' cA \ 

(3.19) P(sup||/° fc (w)||w«.* > A) < Ce~ cA \ 



k>0 

-itH//, ,MI . _ ^ Arrh\ ^ r<„~cA 2 



(3.20) P(||^ itH /^)|| Lrw -, ([ _ T ^ xR2) > AT~) < Ce 



a.s. 



(3.21) P(sup||e- itH / 2 fc ( W )|| irw ^, ([ _ T , T]xR2) > AT-) < Ce^ A , 

k>0 

(3.22) 

Hm ||/^(a;) - /H|| w -.. + ||e- itH (/° fe M - /M)|| Lrw ^ ([ „ T , T]xR2) = 

Proof. Wc know ->■ /(w) and e~ itH f° k (u) ->■ e" itH /(a;) in 5'. If we can 

prove (|3.19[) and (|3.21[) . then a.s. in P, we have 

(3-23) ™p||e- itH /!*(w)|Ur W ;.« < oo, 

fc>0 

and there must be a subsequence of {e^ 1 * 11 /^ ( w )} converging weakly in L r t W^' q . 
This weak limit must be e _1 * H /(oj), so we know that 

(3.24) \\e- im f(cj)\\ L r wS „ < sup||e- itH / 2 ° fc ( W )|| Lrw .. 9 < oo, 

fc>0 

a.s. in P. Thus (|3 . 20[) also holds true, with the same constants as in (|3.21[) . Clearly 
(13.181) also follows from (|3.19l) in the same way. 

To prove (|3~T9| and (j3~2"T1) . we use (j3~TTj) and (|3T2]) . For any k, the difference 
/^(w) — fok-i(u) is of the form IT/ (w) as defined in Proposition 13.41 with the 
parameter N ~ 2 fc . We then have, for some £ > 

(3.25) P(||e- itH (/° fc H - / 2 ViM)|| ipv a,, > A2-*T^) < c ie - c = 2fe ^ 2 . 
Choose c small enough, then 

(3.26) sup lle-^&HIUpv-., > AT^ 

fc>0 

implies 

(3.27) 3k > 0, ||e- itH (/° fc ( W ) - / 2 Vx («))|Ur W -., > cA2~™tK 
Now we can combine this with (|3.25l) to get 



(3.28) P(sup|| e - itH /° fe (c)|| L , w =., > ATT-) < Y^c 3 e-^ kSA2 < c 5 e~^ 

k >° ' k=o 

This proves (I3.21j) . Clearly (I3.19|) also follows from (13. lip in the same way. 
Finally we prove (|3.22[) . From the above discussion we see 

(3.29) P(su P 2¥|| e - itH (/ 2 ° fc H - /aVtHJHijw-.. < oo) = 1, 

k>0 

thus with probability 1, the series 

oo 

(3-30) E e " itH (#( w )-^-iM) 
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converges in L r t W^' q . This can only converge to e~ ItH /(w), and the same argument 
works for the space W a,q . This completes the proof. □ 

Equation is a hamiltonian PDE with formally conserved mass ||u||^2 and 
Hamiltonian 

(3.31) E(u) = (Ku,u)±-?-\\u\\%l 1 = [ flVu^ + M^-^-lur^dx. 

Recall that /i = P o / _1 is a probability measure on S'(R 2 ), the push- forward of P 
under /. In the defocusing case, for all 1 < p < oo, we define the Gibbs measure of 
([TTTj) to be 

(3.32) di , = cxp ^__l_|| u ||P+!^ dA1 . 

Since the integrand in (|3.32j) is well-defined, bounded and positive, by Corollary 
13.51 we know v is finite and mutually absolutely continuous with p. We also define 
the truncated measures 

(3.33) dv 2 k = exp ( - ~pyll u 2* llz,t+i^ d M- 

Since || II i ;p+1 — ^ II u IIlp+ 1 a-e. in thanks to Corollary I3.5[ we know v 2 k — > v in 
the strong sense that the total variance of v 2 k — v tends to 0. 

In the focusing case, for 1 < p < 3, we define the truncated measures dv 2 k = 
p 2 k dp where 

2. _ \_ ( 2 IL.° 



(3.34) p 2 k(u) = x(\\u° 2 k\\ L 2 - a 2fe )cxp I ^yil "2*lljy>+i 

Here x is some compactly supported continuous function on M that equals 1 on a 
neighborhood of 0, and 

(3-35) a 2fc = E(||/ 2 Vu;)||iO = £ T^- 

Clearly a 2 fc < k for > 1. We define the Gibbs measure v as the limit of these v 2 k. 
More precisely, we have 

Proposition 3.6. The functions p 2 k converges to a function p in L r (p) for all 
1 < r < oo . The measure dv — pdp is finite and absolutely continuous with respect 
to p. We also know v 2 k — > v in the strong sense that the total variance of v 2 k — v 
tends to 0. Finally, we can choose a countable number of X(m) so that the union 
of the supports of the corresponding Radon-Nikodym derivatives P( m ) has full p 
measure in <S'(R 2 ). If we have fixed x> we w ^ define v to be the Gibbs measure of 
equation 

Proof. First we prove that p 2 k converges a.e. in p, or equivalently, that p 2 k(f(tu)) 
converges a.s. in P. Consider 



; ls»l 2 



2 „ \ - Iffj-Hr - 1 



(3.36) \\r 2 k{u)\\l- 2 ~ a 2 k 

j'=o 

and see that it is a (partial) independent sum of random variables with zero mean 
and summable variance (the variance of j-th term is ~ (j + 1)~ 2 ), so it converges 
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almost surely. Thus by the continuity of %, the first factor xdl/2* ( w )IIl 2 — a 2 k ) 
in p 2 k(f(cu)) converges almost surely. Next, since f 2 k(^>) ~ > m L p+1 for a.s. 
u G f2, wc know that the second factor also converges almost surely. Therefore, we 
have that a.e. in fj,, p 2 k converges, say to some p. 

To prove P2 k (f) ~~ p{f) m L r (V), we need some uniform integrability conditions. 
This is provided by the following large deviation estimate 

(3.37) P(||/ a °*(w)||i» -oa* < P, ||/ 2 fc M|| L p +1 > A) < Ce^ , 

for some 6 > p + 1 and all large enough A, where j3 is such that x( z ) = for 
\z\ > /3. To prove (|3.37p we may assume A is sufficiently large, and set k G N so 
that 2 k ° ~ e A& for some S > to be determined later. 

First we prove (|3.37|) is true for k < fco + 1 , with /3 and A on the left side replaced 
by 2/3 and ^. In fact, by Holder's inequality, if 

(3.38) ll&MHk <a 2h +2p<k<A s , ||/° fc ( w )|| LP+1 > ^, 
then 

(q-2)(p+l)-S(q-p-l) 



(3.39) \\fM\\ L « >A°, 



under the assumption p + 1 < q < 00. Since 2 < q < 00, we know from Corollary 
[33] that 



(3.40) P(II/ 2 °*MIU« > A") < Ce- cA \ 

If 1 < p < 3, then for q sufficiently large and S sufficiently small, we have 2a > p+1, 
so (13.371) is true in this case. 

Next we assume fc > fc + 2. In this case we can prove 

(3.41) p(Wm - / 2 %»iu* +1 > £) < c ie - c ^ 3AC \ 

In fact, since /^(w) — f° ko (uj) is of the form n/(o;) as defined in Proposition 13.41 
with the parameter N ~ 2 fco , by Proposition 13 .41 we immediately get (|3.41[) (notice 

Now if \\f 2 k{^)\\ 2 L 2 < &k+ and ||/° fc (w)|| iP +i > A, then we have three possibil- 
ities. 

(1) If ||/°t(cj)— /° fcf) (uj)\\ L p+i > ^, then we are already done, since this probability 
is controlled due to f|3.41|) . 

(2) If ||/ 2 %»|| L ,+i > 4 and ||/ 2 ° fc0 (w)||| 2 < a ko + 2/3, Then we may set k = fc 
in the arguments from (|3.38j) to (|3.40|) , and again get the desired bound. 

(3) If ||/^(w)||| a < a 2 k +(3 as well as ||/£ (w)||| a > a 2 k + 2/3, then 

(3.42) U/^MIII* - ll/ 2 %»ll^ - («a* - «2-o) < -P, 
or equivalently 



2'' 



1 2 



(3.43) Y" = V \ , > /3. 

j=2 f! o+l 
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Notice that Y is an independent sum with standard deviation 

2 fc 



(3-44) «=( £ ^^y<2-*<c ie -i 

S=2 fe o+l V J 

we can compute 



(3.45) E(«p(£))= n e(«p'"- ,1 - | ' / ' I ' J) 



2 i <2> 



2(4j + 2) 

JT | e 2(4iT2T(l + 



j=2 fc o + l 
2 



2(4? + 2)' 



j=2 fc o + l 

n 

3=2*0+1 

Here we have used the fact that E(e~ A ' 9 ' 2 ) = (1 + A) -1 when A > — 1, and g 
is a normalized complex Gaussian; and that e x (l + x)^ 1 < e cx for large c, and 
< x < \. Therefore we have obtained 

(3.46) ¥(Y >j3)< e"^" 1 < cie"^ 3 ^ . 

This completes the proof of (13.37)) . The other conclusions now follow easily from 
this large deviation estimate, except the one regarding the support of p. We choose 
a sequence of cutoff functions X(m) so that X(m) = 1 on [—7™, 7m] with j rn j" 00. 
By our previous discussions, after discarding null sets, the function pt m ) will be 
nonzero wherever 

(3.47) lim \\\r 2h (u)\\ 2 L2 ~a 2k \< lm . 

K—tOO 

Since this limit exists almost surely, and 7 m f °o> we know almost surely, (|3.47[) 
will hold for at least one m. So the union of support of these pj will have full p, 
measure. □ 



Now in both defocusing and focusing case we have defined the Gibbs measure 
v and the approximating measure v 2 k . They will be used in Section [6] to obtain 
global well-posedness, and the invariance of v will be proved in Section HI 



4. Multilinear Analysis in X a > b Spaces 



First let us recall the hypercontractivity property of complex Gaussians. To 
make equations easier to write, we introduce the notation in which u~ represents 
some element in {u,u} for any complex number u. This will be used throughout the 
rest of the paper. The first result about hypercontractivity was proved in Nelson 
[15) . Here we use a formulation of this property taken from [2 5) . 

Proposition 4.1. Suppose l,d > 1, and a random variable S has the following 
form 

(4-1) s= c «i, •.9,7 1 M"-3r7 ! H> 

0<ni ,ni<d 
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where c Wl! ... € C, and the {g n )o<n<d are independent normalized complex Gaus- 
sians, then we have the estimate 

(E\s\ p y < VTTTip - (e\s\ 2 )K 

for all p > 2. 

Proof. This is basically a restatement of Proposition 2.4 in [25]. There the authors 
required nj > 1 and n\ < ••• < rii, but an easy modification will immediately 
settle this. The only difference is that here we may have g nj or g nj , but if we write 
g n = ^(7n + ijn) where 7„ and 7„ are mutually independent normalized real 
Gaussians, then g n = -j=(j n — ij n ). So S is again written as a linear combination 
of products of independent normalized real Gaussians. Then the result follows in 
the same way as [25]. □ 



Next we want to adapt the result in Proposition l4.1l to our specific case to yield a 
large deviation bound on appropriate multilinear expressions of Gaussians. Namely, 
we have the following 

Proposition 4.2. Let Ni > • • • > Ni > 2 be dyadic numbers such that Ni > 10 3 A^2- 
Assume for n > and An + 2 < lONf, we have independent normalized complex 
Gaussians {w n }. Also let g be any integer, and 5 nil ... >ni be arbitrary complex num- 
bers with absolute value < 1. Define 
(4.2) 

3 = ((ni, ■ • • ,m) : n, > 0, j- < < 10 (1 < j < I), £ ej (4n 3 - + 2) = e j 

!> i j=i J 



with Ej = ±1, i/ien we /iaue 
(4.3) P 



i X! 5 n I ,-",n I ^niM---^ti,( w ) >^n JV J'f ) - Cie 

if ere all the constants depends only on I. 

Proof. We denote the sum on the left side of (|4.3p by S. Using Proposition ^. 1[ we 

can get 



(E\S\ P ) P < VT+T(p-1)M, 

1 

where we denote A = (E|S| 2 ) 2 . By Markov's inequality, we in particular have 
P(|5| > KA) < (KA)- p -E\S\ P < K- p (l + l)f(p- 1)£, 

for all p > 2. If K > 2\fl + 1, we may choose p = 1 + if t2 _ t(/ + 1)"T > 2 in the 
above inequality to obtain 

P(\S\ > KA) < 2-p < Cl e- C2KC3 . 

By choosing the constants appropriately, we can guarantee that this also hold for 
K < 2%/T+T. Now what remains is to prove that A < Tlj=2 ^Y?) or equivalently 



i 

2 
j 

3=2 
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Now we expand the square to get 

^l^l ^ ^ ^ni,"' ,Tii ^mi .m; A ni ... ,ni ,mi ,m; , 

where the sum is taken over all (n\, ■ ■ ■ , n/, mi, • • • , m;) e 5 x 5, and 



Since each of the <5's and A's has absolute value < 1 (depending on I) in any possible 
case, we will be done once we establish the following 

i 



(4-4) #j(m,-.. ,n;,mi,-.. ,m ( ) e 5 x S : A nii .. ,„,, roi ... , m , ^ o| < ]J N. 



2 

j=2 



The crucial observation is that, due to the independence assumption, if the 
expectation A is nonzero, then any integer that appears in (m, • • • , ni, mi, • • • , mi), 
must appear at least twice. Next, due to our assumption Ni > 10 3 7V2, we know 
ni = mi, and any integer that appears in (n 2 , ■ ■ ■ , nj, m 2 , • • • , mi) must appear at 
least twice. If we permute all the different integers appearing in this (21 — 2)-tuple as 
0i > 02 > • • • > ay, then with r and all Ui fixed, we have at most (21 — 2) 2l ~ 2 choices 
for the (21 — 2)-tuple; also due to the linear relation enjoyed by both (m, • • • , n/) 
and (mi, • • • , m;), the (21 — 2)-tuple will uniquely determine n\ and m\. Thus we 
only need to show for each possible 1 < r < 21, there are < Y\ l j =2 Nf choices for 
(cti, • • • ,a r ). Now for each 1 < i < r, since each aj(l < j < i) appear in the 
(21 — 2)-tuple at least twice (and different <jj cannot appear at the same place), 
here must exist 1 < ji < i < i + 1 < j 2 such that Uj 1 € {rij 2 , mj 2 }. This implies 

Aa i + 2<Aa jl +2<Nf 2 < N? +1 , 

so for each 1 < i < r, there is at most Nf +1 choices for ai, and necessarily 1 < r < 
l — l. Therefore, for each r < I — 1, we have at most 

j=l j=2 

choices for (a\, ■ ■ ■ , a r ). This completes the proof. □ 

Proposition 4.3. Suppose p > 3 is an odd integer. We choose a and b so that 
< g < 1 is sufficiently close to 1 depending on p, and 1 > b > ^ is sufficiently 
close to i depending on a and p. Let T be small enough depending on b, a and p. 
Then we can find a set Sly C ft, and a positive number 9 that only depends on a, b 
and T, so that P(Ot) < c\e~ C2T 3 , and that the following holds: for any to G R 
and ui € Qj<> tf f or each 1 < j < p, a function uj on [-T, T] x K 2 is given by either 

(4.5) Uj = e~'< t+t ^ H f(oj), 

or 

(4-6) IKIU^, T <1, 
then we have 

(4.7) \K ■■■u-\\ x „, b - 1 , T <T e . 

Here all the constants will depend on a, b and p. 
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Proof. In what follows, if an estimate holds for to outside a set with measure e, we 
simply say it holds "with exceptional probability e" . We will use various exponents 
qj , and each of them will remain the same throughout the proof. First we can use 
Lemma [2T8l to estimate 

11% ■ ■ ' U p\\x"' b - 1 ' T ~ r 2b_1 ||u^ • • • U~\\x",3b-2,T, 

since — ^ < b — 1 < 36 — 2 < i . Thus we only need to prove 
(4.8) |K---u-|U,3*- 2 ,t <T5- fc , 

with exceptional probability < c\e~ C2T 3 . Recall the Littlewood-Paley projections 
we have 



(4.9) u =^2u Nl 



N>2 

where for simplicity we write ujy = A^u. Thus we only need to estimate the terms 
(note (un)~ — (u~)n since the Littlewood-Paley projectors are real) 

p 

3 = 1 



where we have fixed a choice between uj and uj, and between (|4.5[) and (J476J) , for 
each Uj. Define 

A = {1 < j < p : Uj given by (|4~5)) }. 

and 

B = {1 < j < p : Uj given by (|4~6|) }. 

Let 



A = i(N u ■ ■ ■ ,JVp) : 3j € B, Nj > 10 3 £ ivA. 



(4.10) 

We first consider the sum of terms with (N\, • • • , N p ) € A, and rewrite it as 



E E ■ E 

jeB (Ni) i7tj ijij Nj>10 3 YLi^j Ni 

To bound this expression we only need to consider a fixed jo € B, and without loss 
of generality, we may assume jo = p. For each (N±, • • • , N p -i) if we write 

(4-12) u«= £ (u,,)^, 

A' P >io 3 y:f : r 1 1 jVi 

then we only need to prove 

(4.13) e := ||(«i)^--(up-i)^ 1 {<4 i )-\\ x .,».-*,T <T3- h (maxiV,r e , 

for some 6* > 0, with exceptional probability < c\e~ C2T 3 ( max J<p Jv j) 4 (note that 
when we take the sum over all {N\ ,•• • , N p - i ), we still get an expression < cie~ C2T ° 3 ) 
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To prove (|4.13[) , we use Propositions 12.51 and 12.71 to estimate (for simplicity, we 
shall omit the spacetime domain [— T, T] x M 2 in the following estimates, but one 
should keep in mind that we are working on a very short time interval) 

(4.14) 6 < ■■■K-i)^_ 1 «)-|| L? i w -i 

p-i 

< IKO"IIl4 W .,4 Y[ iKuj^IL" 

3=1 

p-1 

+ 2ll(«^)"IUj,JI(«i)^IL«w;-« i II II («<)*■« IL& 

3=1 j=£i<P 

p-1 

3=1 

p i p— 1 

(4.15) + XjlHThu II H(«i)^Hi?. 

3=1 i=l 

p-1 

(4-16) < ||u~ || L 4 W:> 4 ]J ||(wj)^.|| L ™ 

3=1 

(4-17) <I] IKu^JLg,, 

3=2 

where in (|4. 15)) and (|4.16[) we have used Corollary 12. 31 (recall the definition of u 1 ^ 1 ). 
In (|4.17p we have used Proposition 12.71 and the asumption that p E B. For the 
parameters, we choose q± > | and sufficiently close to | depending on p, and 
" E ^— = jr — \, and check that (|4.14|) indeed hold, provided b is sufficiently close to 
s, depending on (see Proposition 12. 7[ with 6 there replaced by 36 — 1). 

Now we proceed to analyze the expression (|4.17|) . Choose 1 < j < p — 1 so that 
Nj — maxi <p Ni. If j E B, then from Corollary 12.31 and Proposition 12 . 71 we have 

(4.18) W(uj) Nj \\lZ < Np\\ Uj \\ L?w ^ < Np\\ Uj \\ x <r, b , T < Np, 

provided a — e > 1 — ^ (note q2 > 4 from our choice of exponents above). This 
can be achieved if e is small enough depending on <?2, and a is sufficiently close to 
1 depending on qi and e. If instead j E A, then from Corollary 12.31 we have 

(4.19) ||(ty)^||z« < N^\\ Uj \\ L? w ..« = JVr e ||e- i ( t + t °) H /H|| £ « 3w; .«. 

The norm in the last expression equals the L| 2 W|' 92 norm of e~ ltH /(cj) on the 
interval [to — T, to + T] . Since T < 1 , we may expand this interval to an interval 
with length 2n. Since e _1 * H /(w) has period 2tt in T, we may replace the enlarged 
norm by the norm on [— 7r,7r]. Then we could use Corollary 13.51 to bound 

(4.20) Np\\e^ t+t ^ H f(Lu)\\ LT , W ^2 < TW^-^tv"* 

for all to, with exceptional probability < c\e~ c ' lT 3N j , provided < e < J^. 
Therefore in each case we have 

(4-21) \\MnJ\lZ <T^-VntO, 
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with exceptional probability < c\e~ 2 t , for some > 0. 

Then we treat the terms with i ^ j. li i E B, we can use Proposition 12.71 to 
bound || (ui)Jj. \\ L 92 < 1; if i € A, we can use Corollarv l3.5l to bound || (uOjvJIi? 2 < 

ywIj-^AfW f or a u t Q , with exceptional probability < c 1 e~ C2T ~" 3 N ^ . Putting 
these together, we have shown 

(4.22) flUH) < T5- b (maxA^)~ 9 

j<p 

for some 9 > 0, with exceptional probability < cie _C2T ° 3 ( max j<p w j) C4 , This takes 
care of the sum of terms with (Nx, • • • , N p ) £ A 
For (iVi, • • • , AT p ) ^ .4, we are going to prove 

(4.23) J = \\v^ ■■■v-\\ x ,,3 b -2,T < T^~ h (max Nj)' 6 , 

where = (uj)^., with exceptional probability < Cie~ C2T C3 ( max j>i Ar j) C4 , This, 
together with the analysis above, clearly implies (|4.7[) . Now without loss of gen- 
erality, assume Ni — max,->i Nj. If 1 € 5, then we have N\ ~ max.j>2 Nj. By 
switching the role of 1 and p in the argument above and replacing u^ 1 by v% (note 
v\ also satisfy the estimates about u\ l that we would use), we can prove (|4.22[) with 
the role of 1 and p switched. Since N± ~ maxj>2 Nj, this also proves (I4.23[) . 

Now we assume that Ni — maxj>i Nj and 1 G A. If N± < N?^' 1 (note this 
exponent is > 1) for some jo > 2, then we may assume jo =2. Now use the same 
arguments as in (|4.14|) (but with different exponents), we have 

(4.24) J < ||«r«2 II zjiw? 11 

p 

~ (IKILfw^lKIU?,,,, + IKIU 2 JMIl 4 w^ 4 ) n IK r lk M * 

J=3 



p 

X! ii v riiif, x ii«2 iUf )a ,n«» r iii«*>vj'* 4 n iK'i i 

3=3 3<i^j 
P \ P 

' t\ rrr \ 1 1 — II II — II T T 1 1 —II 

II l' 4 

i=i 7 i=3 

l + o- l + o 



(4.25) < E^/ JIlTllLf.JK-IUf,. II H"i~lk 

v i=i 7 i=3 

(4.26) < w,"* : «r* i ii«rii i; .ii» 2 -ii i ., n 



94 

J " ^ 

3=3 

p 



J 3 II £J* ' 



i=3 



where 2— - = — — i and 94 > 4. Here in (I4.25P and (|4.27[) we have used Corollary 

l + cr 

E3]and the fact that Vj = {u 3 ) Nj , while in (|426j) we have used Nj < Ni < N^' 1 
for all j. 

Now we analyze the expression (|4.27|) . If 2 e £>, then by Corollary 12.31 and 
Proposition 12 . 71 we have (note N\ < iVf when a > |) 

(4.28) |K|| i4vv i^, 4 < A^IMI^^.4 < ^-"HualU^T < N^ , 
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provided ^ > ^f- + ^ and a > ^ + |, which is true for cr > |. If 2 e A (which 
is the case for 1), we can use the arguments from (|4.19[) to (|4.20[) to get 

(4.29) \\vo\\ i+. 4 <Nr^\\u~ II 3 + „ 4 <Tw(5-' , )]V" l3f 

for all to, with exceptional probability < c\e~ C2T ° 3Ar i 4 ; thanks to Corollary 13.51 
and the hypothesis a < 1 (hence < ^). 

Then we treat the terms with j > 3. If j 6 B, we can use Proposition 12.71 
to bound \\v~ \\ L «4 < 1; if j £ A, we can use Corollary 13.51 to bound || v~ || < 

i i i-g ' _ c 

Tm;<-2- b )N^°p fo r a n t , with exceptional probability < cie~ C2T C3Af i\ Putting 

these together, we have proved 

(4.30) IE7i < r^-^f 9 , 

with exceptional probability < c\e~ C2T 3N i i for some 9 > 0. Thus we have proved 
(|4.23p in this case. 

In the final case, we assume that N% > (10p) 3 (max.,>2 Nj) , which in par- 
ticular implies N\ > 10 3 ^j>i Nj, and that 1 E A. For each j 6 B, by definition 
we can extend to be a function on 1 x I 2 (still denoted by Uj) with A' cr ' b norm 
< 1. The relation Vj = (u^aTw also extends to t G R, giving an extension of Vj 
also. Choose £o smooth, supported on [—2,2] and equals 1 on [—1,1] and define 
C(t) = Co(T~H). We are to prove 

(4.31) lie • «r ■ • • viu- 36 - 2 ^ ^^r 9 

for the extended t>j, with exceptional probability < cie~ C2T 3Ar i 4 . For a function 
w on K x R 2 radial in x, we split u> = w ne + Wf a , with 

(4-32) Ft{iVne,ek){r) = X{\r+4k+2\<N?} ■ ^t{w,e k ){T), 

and w/ a by replacing the < by >. We now split the product in (|4.31l) into fa and 
roe parts and estimate them separately. 

We first estimate the fa part of product as (due to the presence of £, we can 
work on time interval [— 2T, 2T] in the time-Lebesgue norms below, thus gaining 
powers in T) 



(4.33) \\(C-v^---v-) fa \\ x „ 3b - 2 < N, 36 ||C - vi „ v 



v„ 



(4-34) <N^U-vI--v^ L f w: ,l 



(4.35) <<*ni 



Here in (|4.33|) we have used the definition of the /a-projection and that b is close 
to \ (in particular, b < \ + y^g); in (14.34[) we have used Proposition I2.7I in (|4.35[) 
we have combined Corollary 1 2 . 3 1 and Proposition ^. 51 Now for each i, if i G B then 
(provided a is close to 1 depending onp) ||w~|| ^ < 1 1 "^j; 1 1 ^t*<^,f> < 1. Hi £ A (such as 

i = 1) we have ||fj r || a? ^5 T 1 ^^ - * 1 ' for all to, with exceptional probability < 

cie~ C2T 3Ar ! . Therefore, we have (|4.35[) < T^^ b N^ e with exceptional probability 
< cie" C2T_C3Ar i 4 , provided 7 > 108. 
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Now we estimate the ne part of the product. Choose vo so that \\vo\\ #0,2-36 < 1. 
Since we are taking the ne part, we may assume vo — vo. ne . The aim is to estimate 
\Z\ (recall H is self-adjoint), where 



(4.36) 5- / «r---«--(CHTBo). 
We use Lemma [2761 to write down 

(4.37) Vj (x,t) = / ^•(A J -)e iA ^^ai.(fc)e- i ( 4fc+2 ) t e fe (a ; )dA j 

k 

for j € B U {0}, where the parameters satisfy 

(4-38) £K(*)| a <l 

fc 

for each Aq. Since tjq = wo, n e, we also have H^ollz 1 iV-f 7 ^ 6 2 '. For j € B, since 



Uj = (uj)Nj, we know a^. (rij) = unless ^ < 4? ^j~ 2 < 

(4.39) £ \a{ 3 (k)f<N^. 

Also since 6 > 4, we have ||0j||z,i < 1. 

For the sake of convenience, in the following proof, we shall use u~(n, r) to 
denote Ft{v, e n )(r). Thus from (|4.37|) we have 

(4.40) vJin^Tj) = (2Tr)iai j+inj+2 {n J )^(T J + 471^- + 2) 
for j G B. If j € A we have 

(4.41) v 7 (n 3 ,r 3 ) = (2^^+^ g^^ f( Tj + An, + 2), 

v /4n J + 2 

where 

j i 

Clearly \6j\ < 2, and 9j ^ only when i < 4r ^-j~ 2 < 10 (note we have fixed iVj). 

j 

Finally, for j = we have (we may assume £ is real) 

(4.42) (CH^oHncro) = (4n + 2)^ ■ / < +4no+2 (n ) 

x 0o (^o + 4n + 2)C(r - O ) dg . 

We write 7j = vj for j > 1, and 70 = (£H ttjq)""'. From the rules of Fourier 
transform and orthogonality of et , we have 

r p 

(4.43) 5 = (27T)-** 2 £ / n^'^'^))" dTl ' ' • dr P' 
where 

(4-44) K ™« = / e ni (z)---e np (a;)e no (x)da;, 

Jk 2 



10, and hence 
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and 
(4.45) 



l j=l J 



with ej — ±1 depending on the choice of Vj or Vj. We notice that ej — 1 if and 
only if the corresponding j~ takes jj. Now plug in (|4.40l) . (I4.4ip , and (14.42[) . and 
use the change of variables Xj = Tj + 4n.j + 2 for j E B , \q = go + 4no + 2, we get 



(4.46) 



3 = 277 ]T <;,., n J n dA 



Tii,'" ,n p ,riQ 



iesu{o} 



-r-r tt- 9i( n i)9r, ■ ( w ) 



c ( E e ^ - A ° - E e J ( 4n ^ + 2 ) + ( 4n ° + 2 ) 



3=1 



x (4n + 2) a exp ( - ii E( 4n J + 2 ) e ; 

Here the terms corresponding to j £ A are delta functions and have already been 
encorporated in the final expression. Let g = (4rio + 2) — Y^j=i e j(^ n j + 2), we can 
further reduce the expression to 



(4.47) 3 = (277)^ ]T / n i( A i) d ^ ' C( E e ^ - A ° + e 



E<?,-,n y (4no + 2)f J] "a ' " •' ■ II 



j£SU{0} 



y/4n~j + 2 



exp ( - ito E( 4ri J + 2 ta ) ' 



where we write 
(4.48) 



I »n. ■ ■ ■ . ! : ^ < ^TT^ < 10 (j > 1), (4n +2) - E ej(4«j + 2) 



10 ~ iVi 



Notice that £ = T( (T-), and that Co is a Schwartz function, we have 
(4-49) E K( A + rfl £ E T(T(\ + g))- 2 < 1 



for all A G [0, 1], and by periodicity, for all Ael. Therefore 

(4.50) E / II ^ ■ C ( E e A" - A ° + e 



eez" jesu{o} 



37(6- J) 



Since we choose b close enough to \ depending on a and p, and 7 does not have 
any dependence on b whatsoever (we may simply take 7 — 200), (|4.31[) will follow 
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if 

(4.51) 



. , ._. 9,,(nj)q„ (id) 



j£BU{0} 

exp - \t a 



—6 j\r-<5 



for a/£ possible choices of to £ 1, g e Z, Aj G K(j e BU {0}), {a^.(fc)} satisfying 
(14.381) and (|4.39[) . with S > depending on a and but not on 6. 

Next, by Cauchy-Schwartz in the sum with respect to no, we can further estimate 
the LHS of (|4~5T1) by 

(4.52) (£(4n + 2r x E ^11^) 



n 



, J An. + 2 



x exp I - ii Yj(4nj + 2)e. 

^ j6A 

where S 0i „ o = {(rii, • • • ,ra p ) : (n , • • • , n p ) G § e }, and bj(k) = a J x .(k). 

Concerning the inner sum of ((4752]) we have (recall that ± < < 10 for 

3 

each 1 < j < p) 
(4.53) 



ni,"- ,n ; 



jeA 



+ 2 



(4.54) 



< 



e ecj^h n 



j'eA 



< 



sup 



ecii^hii e 



(4.55) 



< 



sup 

(nj)jei 



E 



Til,-" ,71 p 



j'eA 



< 



sup 



where in (|4.54l) we write O = {(nj)j^A ■ {ni, ■ ■ ■ ,n p ) g § e ,n } f° r fixed (nj)j^B, 

YljeA ^j( n j)(^ n j + 2)~5, One should notice that for all 



and t™° 



("-j)jeA G ©j by definition the expression e lto Si«( 4 "j +2 ' C J is a fixed constant with 
absolute value 1 which can be extracted. In (|4.55|) we have used Cauchy-Schwartz 
and (|4~m 

Let us fix g and no, and (nj)j^B- We also assume |4no + 2 — g\ < Nf (otherwise 
§e,«o would be empty). Since the set O has the form of S in (|4.2p and TVi > 
10 3 J2j E A-{i} Nj, we can use Proposition 14 . 2 1 to get 



(4.56) 



E T &".n,Il£i>) II iV r^plC-,np 

e jSA jeA-{l} 6 
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with exceptional probability < cie~ C2K ° 3 . We choose K = T^ b iV 1 " wr (4n + 2) w, 
then the corresponding exceptional probability is < cie~~ C2T C3Jv i 4 ( 4n o+2) C5 jf wc 
add them up with respect to all possible choices of g and (%)jgsu{o}> we still get 
an expression < c\e~ C2T 3JVl<1 (there are < iVf choices for each rij(j £ B), and 
for fixed no, there are < iV 2 choices of g). Therefore with exceptional probability 
< cie~ C2T C3Ar i 4 we have 

(4.57) (T4331) < T?- b N^ Nj~ a N i 

j&B jeA-{i} 



£(4n + 2)'+w sup ..,„/)' 
(4.58) < T^N^" 1 Y[ 

5>n + 2r+w sup 



X 

n 



To complete the proof of Proposition 14.31 let us estimate k™° ... n . Let > 
• • • > V{p) be the nonincreasing permutation of Vj = Arij + 2(0 < j < p). If f o > 
iNr 2(l+w) ) from LemmaEJwe have K;,...,„ p | < ^ 10 °- K v G < N^ 1+ ^\ since 

N\ > (maxj>2 JVj) 3 "- 1 , we see that if j/o < maxj>2 Vj, then > max^^i v- " and 
|k™° ... | < iV-f 100 ; if i>q > maxj>2 Vj, then i/( 2 ) ^ maxj>2 z/j and from Lemma 
we have 

(4-59) K,..,„J < log i/(o) < N^maxN^-i hgN,. 

Therefore we have 



^ (Af 1 ) 2 ^+w)( 1 +w)iV 1 - 2 (maxiVj)" :L log 2 iVi 



\-198 



^o<A f 1 

+ £ (4n + 2) 
< Ti- b N^ e °logNx • (maxiV 3 )-5 A^ 1 

3 - 2 jeB 



where 



(4.60) ^ = i-iz£_ ff _(l±^iz£)_(iz£)!>lz£>o. 

v y 100 200 40000 2 
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Finally, since 1 £ A, we have 

(4.61) (maxNA-i TT N]-° < (maxiV,-)"^^ 1 "^ < 1, 

provided a > 1 — 2 (p-i) . 

Having considered all the different cases, we have now finished the proof of 
Proposition 14.31 □ 



From now on we will fix er and b as stated in Proposition ^. 31 As an easy corollary 
of this proposition, we now have 

Corollary 4.4. There exist some 9 > and Tq > 0, such that the following holds: 
for all < T < Tq, there exists a set Qt C f2 such that P(Qx) < c\eT C2T 3 and 
for all uj ^ Qt, the mapping 



(4.62) 



u i ^ e- im /(c) T i 



-i(t-a)H/ 



(|u(s)| p - 1 u(s))ds 



is a contraction mapping from the affine ball 



(4.63) 
to itself. 



f(u) + {v: \\v\\ x ^.t <T 9 } 



Proof. Suppose u = e ltH /(w) + v, where ||u||^ CT ,b.T < T e < 1. From Proposition 
12.91 we have 



m := 



< 



i(t-s)H 



(|u(s)| p ' 1 u(s))ds 



X<r,b,T 



= ||(e-'*"/(a;) - . ( e -«H /(w) + v)*\\ x „ >b _ 1<T . 

If we expand the product, then each term has the form as in Proposition ^. 3l f namely. 

■ ■ -u~ with each Uj either equal to e _ltH /(u;) or has X a '°' T norm < 1), thus we 
have 971 < T e ° for some #o depending only on c, b and p] thus if we choose 9 < 8q 
and Tq small enough, then the mapping does map the affine ball to itself. 

In addition, if m = e _ItH / + Vi with ||uj|| i y ff ,6,T < T 6 for i g {1,2}, then 



2) 



Ti / e 



-i(4-»)H| 



(\u 1 (s)\ p - 1 U 1 (s)-\u 2 (x)\ p - 1 U2(s))d S 



p-i 



< 2lK«i-«a)"Il 



"i* II Af CT ' I,_1 '' r ) 



fe=i 



where F is some finite set, and each e {1, 2}. Since Mi — U2 = V\ — v 2 € X a,h,T , 
and each Uj is the sum of two terms, one being e~ ItH /(aj), the other having X a < b < T 
norm < 1, we can use Proposition 14.31 to estimate 2) < T e °||wi — V2W x"- b - T f° r an 
uj <^ £It- Thus the result follows if we choose T small enough. □ 
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5. Local well-posedness results 

In proving local in time results, we will not care about the ± sign in (|1.10[) . First 
we define the truncated Cauchy problem 

f id t u+(A-\x\ 2 )u=(±\u\i>- 1 u)° h 
( ' \«(0) = /|»H 

for each k > 1. When k = oo, we understand that v%oc — v, so this is just the 
original equation (j 1 . 10|) . If k < oo, we solve (|5.1| in the finite dimensional space 
V 2 k . We will consider two cases depending on whether p > 3 odd or 1 < p < 3. 

5.1. The algebraic case. Here we assume p > 3 is an odd integer, so we could 
use the estimates is Section [4] 

Proposition 5.1. Suppose T > is sufficiently small. There exists a set fix 
(possibly different from the one in Proposition ^ -Sty , such that¥(Clx) < Cie~ C2T 3 ; 
and when uj ^ Qt, for each 1 < k < oo, \5.1\) has a unique solution 

(5.2) U ee- itH / 2 t H + r AT 
on [—T,T], satisfying 

(5.3) \\u-e- itH f° k (u;)\\ x <r, b ,T <T e . 

Proof. When fc — oo, the existence and uniqueness directly follows from Corollary 
14.41 via Picard iteration. Now we assume 1 < k < oo, then the equation (|5.ip is just 
an ODE, so the solution is unique, and exists until its norm approaches infinity. 
Thus we only need to obtain the control on each of these solutions, uniformly in k. 
To this end we need the following modification of Proposition ^. 31 

Lemma 5.2. For each T sufficiently small, we can find a set (still denoted by ), 
so that F(Qt) < Cie~ C2T 3 , and in Proposition \4-3\ if one replaces some Uj by 
any (uj)° k . or (uj)^- k . , the result still holds true. Moreover, if there is at least one 
; then the left side of 7| ) tends to zero (uniformly in all choices ofuj) as 
this kj — > oo. 

Proof. We use the notations as in Proposition 14.31 Note the projections u^ k and 
u^k are uniformly bounded on X a ' h,T ', we may assume the modification is only for 
j € A. Since /^(w) = /(w) — /^(w) and the result is true when all terms are still 
Uj, we may assume each term is either Uj or (uj)^ kj > with at least one (uj)^ kj . 

For each (kj), we follow exactly the proof of Proposition 14.31 Suppose L = 
m&Xj 2 kj , then in the dyadic decomposition we only need to consider the terms 
m&Xj € A Nj > L (for example, if (JVi, • • • , N p ) £ A with the largest being N±, then 
maxj>2 Nj > L; otherwise we have maxj ■, Nj > L). On the other hand, all the 
probabilistic Lebesgue/Sobolev estimates of f(oS) we used in Proposition |L3] comes 
from Corollary [331 thus they also hold for /<i(w) = f(uS) — /^(w) uniformly in k. 
As for the multilinear estimates of Gaussians (Proposition ^. 2[) , they indeed hold for 
fixed kj, because fixing kj (and replacing f(ui) by f(w)° hj ) corresponds to adding 
constraints nj < 2 kj in the set S in (|4.2j) . which does not affect the estimates in 
(|4.4j) (which is based on upper bounds of the cardinals of some sets). Therefore for 
fixed kj , the estimates about each individual terms (including the "grouped" terms 
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in A) in the proof of Proposition 14.31 still hold, with constants independent of kj . 
Therefore, we have 

||Modffied(ui ••■u~)|| X e, ) i,,T < T e (maxNj)~ e < T e L~^ , 



o 

maxj Nj >L 

with exceptional probability not exceeding 

max j Nj >L 

which implies 

|| Modified^ • ■ ■ u~)\\ x ..„,t < T e (max2^)-^, 

j 

for all possible choices of kj , with exceptional probability not exceeding 

^ Cge -c 6 T-7 (ma ^ T8 < Cge -c v .l • 



(kj) 

If we choose this final exceptional set as our fix, we easily see that all requirements 
are satisfied. □ 



Remark 5.3. In Proposition 14.31 and Lemma 15721 the estimates still hold when the 
X a ' b ' T norm is replaced by X a ' h ^ (but with T e on the right side of (|4.7p unchanged), 
for any interval I C [— T, T], and lu outside a single Qt- One can check the proof 
that all estimates do not become worse with [— T, T] replaced by I. In particular we 
can get a contraction mapping as in Corollary 14.41 for interval [— T, 0] or [— Ti,Ti] 
for Ti < T. 



Using Lemma l572l we can now proceed with the proof of Proposition l5.ll Suppose 
for some k, u = e~ ltH /° fc (w) + v is a maximal solution to (|5.ip (strictly speaking 
the T below should be another T' denoting the lifespan of u, but we will ignore 
this, in view of Remark 15. 3j) . Then outside the VLt constructed in Lemma 15.21 we 
have 



\V\\x*,b,T 



T i / ^-^(H^rv^ds 



~ llM p 1u \\x"."-i,t 



= Wie-^f^ + v)^ ■(e-™f° k (u) + v) E ^\\ x „, b _ liT . 

Each term in the expansion of the final product has the form as in Lemma 
(namely rXj( M 7)2 fc i w ^ n — % — 00 ' an< ^ eacn u j either equal to e _ltH /(o;) or has 
X a ' b ' T norm < ||t)||^a-,6,x). Therefore for some 9 > we get 

\\v\\ x ^ T <T (i + \\v\\ x ^, T r, 

since v £ X cr,b ' T and u(Q) = 0, we know ||v||^<r,(>,t — > as t —> 0. The local norm is 
continuous in t, thus we can use a bootstrap argument to get || u||^<T,i,,T < T*. Note 
this also works for the original equation, showing that (|5.3p holds for the solution 
of (jl.lOp with any k. The uniqueness of (jl.lOp now follows from Corollary 14.41 □ 
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5.2. The subcubic case. Here we assume 1 < p < 3, and we do not need any 
multilinear estimate to solve the local problem. 

Proposition 5.4. Suppose T > is sufficiently small. There exists a set Qt 
(possibly different from the one in Proposition ^. 3\ ) , such thatP^x) < c\e~ C2T 3 , 
and when uj j£ fix, for each 1 < k < oo, 15. 1)) has a unique solution 

(5.4) uee- itH /;H+^ T 
on [—T,T], satisfying 

(5.5) || W - e - itH / 2 ° fc H|Uo,,,T <T e . 

Proof. The proof here is almost the same as Proposition [ITU In fact, once we can 
obtain 

(5.6) \\\e-^f^)+v\^\e- im ^ h (u,)+v)\\ XOib _ liT < T e (1 + \\v\f x0 ^ T ) 
and 

(5.7) Hiur^-iu'iwii^,^ < T'liwii^T-a+ini ^.T+iiv'w^r- 1 

for all 1 < k < oo and u) fl T , where u = e~ itH f° k (uj)+v and u' = e~ itH f° k 

we can use Proposition 12.91 and argue as in the proof of Corollary 14.41 to show that 

for ui ^ fir, 

u h> e- itH f(uj) T i / e- i ( t - s ' H (|u(s)|^ 1 u(s))ds 
Jo 

is a contraction mapping from 

e- itH f(Lu) + {v: \\v\\ x o. b , T <T e } 

to itself, for some 9 > 0. Also we will have the same estimates on solutions to (15. ip 
as in Proposition 15.11 which is enough for the proof. 

To prove (|5.7[) , we simply compute (again we omit the time domain [— T, T] here) 

(5.8) <T 26 - 1 ||(«-«')(|«| + K|) p - 1 L« 

(5.9) < T^Wv-v'W^^ ■ (||u|| £?£? +||«'|| £?£? )^ 1 

(5.10) < r 26 - 1 !^ - u'lUo.^diviUo^.r + Ht/ii^o,^ + ]|e- UH /5 b (w)|| jCr . i «)p- 1 

(5.11) < T b -^\\V - v'\\ X 0, i>T ■ (||«|Uo.6,T + ||u'|Uo,t,,T + If" 1 

outside Qt, where P(ilr) < cie _C2T 3 . Here in (|5.8j) we have used Proposition 
12.71 and Lemma 12.81 and require |<6<|,2>g r > . In ()5.9)) we have used 
Holder and require 1< r x , q u r 2 , q 2 < oo and ^ + ^ = ^ + ^ = |. In (|5.10p 
we have used (Holder in time and) Proposition 12.71 and require 

1 111 11 

— + — > 7j, — + — > tj I 2 < 9l ,g 2 < oo. 
gi ri 2 g 2 r 2 2 

In (15. 11| we have used Corollary 13.51 to bound 

|| e - itH / 2 ° fc H|| i?L , 2 <T"w, 

with exceptional probability < cie~ C2T 3 . Therefore, we may choose q < - suffi- 
ciently close to -. In particular q > |, so we may choose | < 6 < 1 — Then 
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a simple computation shows that we can choose qi , qi , r\ , r^ appropriately so that 
the scaling equations hold, and 1 < n.,2 < oo, 2 < q\p, < oo, and — + ^- > \ for 
i = 1,2. This completes the proof of (|5.7p . 

The estimate ()5.6|) follows from the same choice of exponents and similar argu- 
ments. The only difference is that we will have a term ||e _ltH /2j b (a;)|| i n £/ 9i , which 
is fine as long as 2 < q\ < oo. □ 

5.3. Approximating by ODEs. Here we will prove that almost surely, uniform 
global bounds on the solutions to the truncated equations (|5.ip for infinitely many 
k < oo implies the global existence and uniqueness for the original equation (| 1 . 1 0|) . 

Proposition 5.5. Let [— T, T] be a time interval, where we assume T is large. 
Suppose for u) belonging to some set E, there exists a subsequence {kj}j>o f o° 
(possibly depending on uj) such that each of the equations h5.1\) with k — kj has a 
unique solution Uj on [— T, T] and that 

(5.12) sup \\ Uj - e~ itH / 2 % (u)\\ x *,>,T < oo. 

j 

Then a.s. u) € E, the equation M.10\) possesses a unique solution u on [—T,T] so 
that u £ e _ltH /(w) + X a b ' T . Moreover for this subsequence we have 

(5.13) lim \\ Uj - e~ itH / 9 % (w) - (u - e~ im f{u))\\ x ., b ,T = 0. 

Proof. For uj £ E, with small exceptional probability (tending to as A — > oo), we 
may choose a sequence Uj solving (|5.1|) with k = kj ^ oo, and 

(5.14) \\uj - e~ UH /° fej (w)\\x*,b,T < A, 

for all j. Then we choose an integer M large enough depending on T and A. 
We are going to prove for each 1 < to < M that, (|1.10|) has a unique solution 
u <= e- itH f(uj) + X^'rr on the interval [-^, 7 -j^}, and 

(5.15) lim \\ Uj - e-" H / 2 % (w) - (u - e- im f(uj))\\ ^ -+ 0, 

for ui outside the fixed set ilr. which is constructed in the proof of Lemma 15.21 

M 

Since P(f2 t_) — > as M — ¥ oo, this clearly contains the conclusion we need. 

Now we proceed by induction on to. First assume p > 3 is odd. Suppose 
the conclusion holds for to — 1 (including to = 1), we will prove it for to. Write 
S = A1~ 1 T and to = (jn — 1)5, we know the solution u exists and is unique on 
[—to, to), and we want to extend it to [—(to + 8), to + 6]. Without loss if generality 
we consider the half-line t > 0. 

From (|5.14l) and (|5.15[) we have 

(5.16) lim \\ Uj (to) - u(t ) + e- itoH fL (w)||^ = 0, 

and ||«(fo) ~ e_I ' oH /(w)||-H <7 < A. We would like to solve the equation (|1.1|) with 
initial data u(to) on [— S, 5], and argue as in Corollary 14.41 Here the linear term is 
not e~ itu f{uj), but 

e - i * H u(t ) = e- 1 (*+*o)H /(w)+U) 

where v is the linear evolution of some function with norm < A, thus ||u||^<r,6,s < 
A (this is easily proved by introducing a cutoff and using 6 < 1). Since w ^ f2 r , 



TWO DIMENSIONAL NLS EQUATION WITH RANDOM RADIAL DATA 



35 



we can use the full strength of proposition 14.31 and Lemma 15.21 In particular we 
could proceed as in the proof of Corollary 14.41 and obtain 
rt 



=Fi 



(Koorw^ds 



< S y °A p < 8° 



and 



2) = 



i(t-s)H 



(K(s)rV(s) - \w 2 (x)r 1 w 2 ( S ))ds 



< S^AP-'Wh, - h 2 \\ x „, b , s < -\\hi - M**-m, 



for all w; 



u (to) + hi with || /ijH^CT, b,i < S e , provided M is large enough (8 
is small enough) depending on T and A. Then we could use Picard iteration and 
the same bootstrap argument to prove that the original solution u can be uniquely 
extended to [to, to + S] (and by symmetry, to the other side). 

It remains to prove (|5.15[) for m. First we know 
lim He-K'-^H^o) - e - i ( t - t °> H u(t ) + e" ltH / 2 % (u))\\ x „, b , [to s,t 0+s] = 0, 

which is a consequence of (|5.16|) . In view of the induction hypothesis, we only need 
to proved 



lim 



i(t-t )H 



- U, - p-U*-to)H 



Uj(t ) - (u-e 



«(*o))| 



X <r,b,lt -S,t +S] 



= 0, 



which, after a translation of time, is equivalent to 
(5.17) 



lim \\wj- e- itH iUj(0) - (w - e- ItH w;(0)) 



-itH. 



I X"- h < 



= 0, 



where Wj is a solution of the truncated equation with k — kj, and Wj(0) — Uj(io); 
and w is a solution of the original equation with w(0) = u(io)- Write Wj — w = h = 
ha + h no , where 

(5.18) 



h u =e- ltti (u 3 (t )-u(t )) 



-i(t+t )H 



with ||A,-||-h<t — > 0, and 



(5.19) 



=Fi 



-i(t-s)H 



i(t-s)H 



((K-rs - kr 1 ^ - (kr x «)a*i (*)) ds 



(i« )j r«) J -i«'rH» J wd»-( 



,-itH„ 



Now we need to prove \\h no \\ x *,b,s — > 0. Since w — e -1 w(0) € A" 7,6 ' , the second 
term in (|5.19p tends to zero in X a,b,b as j — > oo. For the first term, we estimate 
the norm without the final projection. The expression in the paranthesis can be 
written as a linear combination of terms like z{~ ■ ■ ■ z~ , where z\ is either h no , or 
e -i(t+t )Hy± ^ Qr e -itH^ w hi c h has X a ' h - & norm -> 0. For i > 2, each z { is one 
of the following: 

(1) e~''* + * ' H /° fc . (w). This is within the applicability of Lemma 1531 since u) ^ 



^Here we have used the following fact: given two intervals [x, y] and [z, w] with x < z < y < w , 
for some constant C we have xcr ,b,[it,w} < C(ll u lli;ir,i>,[«i,vl + }- This is easily proved 

by using a partition of unity. 
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(2) Wj - e-^ t+t ^ H f° kj (w). This has X ab ' S norm < A since w 3 (t) = Uj (t + to), 
due to dHHJ). 

(3) one of the components of Wj — w. These include h no and e _ ^* + *°^ H /i. (w), 
as well as another term with X a - b ' & norm < A. Since 4 Vl t , these terms are 
controllable using Lemma IS~2"1 

If z\ = e - ^*" 1 "* ' 11 /^ (w), then from Proposition 12.91 and Lemma T5.21 the corre- 
sponding term tends to as j — > oo (since h no is bounded in X a,b ' S independent 
of j; see below). If z\ is the term with X a ' b,s tending to 0, the same conclu- 
sion holds. If z\ — h no , then the norm of the corresponding term is bounded by 
S e \\h no \\ Xa ,b,s(\\h no \\ Xa .b,s + A) p ~ l . Therefore we have 

H^nolU".*.* < 5 e \\h no \\ Xa ,b,s(\\h no \\ x ^, t ,.s + A)^ 1 + o(l), 

as j — > oo. By (|5 . 14[) and the Picard argument above, we know ||/i rao ||;t' T . b - i ^5 ^ 
independent of j. Therefore, if we choose S small enough (M large enough), we 
must have ||/i no ||^ CT ,b,a = oil)- 

The proof when 1 < p < 3 is basically the same, using linear estimates (Corollary 
13. 5j) instead of Proposition 14.31 We will also need a variant of Lemma 15.21 but the 
proof of this is not hard and is essentially contained in Proposition ^. 4l and Corollary 
l3~5l □ 



6. Global well-posedness 



In what follows, we fix a sufficiently large T , and a positive integer M so that 
M > T 2 . 

First let us consider the truncated equation (|5.1j) . which is an ODE on the finite 



dimensional space V 2 k . If we identify V 2 fc with 



l +2 



by the coordinates 



3.1) 



then it is easy to check that (|5.1|) becomes 



.9 = ■ i/ '-' :< -'- 

3=0 



(6.2) 

with Hamiltonian 



d t CLj = 



dE 



d t b 3 = 



dE 
da,j' 



Eo(fli,bi) = 5>j + l)(<zf + b 2 ) ± -L- + \b 3 ) ( 



P+i 

Lp+1 



(6.3) 

3=0 r ' " j=0 

If we denote the solution flow of this equation by <J> 2 fc t, then the following is true 
by the theory of Hamiltonian ODEs: the map (t,x) i-> §>2 k t( x ) is defined on an 
open subset of R X V 2 k. For each t € M, $2 fc ,t is a homeomorphism between two 
open sets Ot and IZt of V 2 k . If p > 3 is odd, it is a diffeomorphism and preserves 
the quantities 



(6.4) 



\\9\\h =E( a ? + 6 j) and E = 2E 

3=0 
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and the Lebesgue measure. If 1 < p < 3, it (and its inverse) can be approximated, 
uniformly on each compact subset of Ot and IZt , by a sequence of pairs of diffeomor- 
phisms, which preserve the quantities (|6.4I) and the Lebesgue measure. Therefore 
<t> 2 fc t itself also preserves (16.4[) and the Lebesgue measure. 

From above we know that $ 2 k t (viewed as a map between Ot and TZt) preserves 
the measure 

(6.5) v° k = tt" 1 " 2 '^ • e~ E Y[ dajdbj 

3=0 

on V 2 k, where £ = 1 in the defocusing case, and £ = xdlffllla — a 2 fc) in the focusing 
case as in (I3.34j) . By the definition of fj, and v 2 u (see Section we have 

(6.6) v 2 k = (p 2 k ■ fi^k) ® M2* = v 2 k ® A 4 ^' 

in both cases, where we understand that /z° fc and /it^" fc are measures on V 2k and 
respectively, and identify V witfQ V^fc x V 2 \. From this we immediately see, for 
each Borel set J of V 2 k , that 

(6.7) u 2k ({g : s 2 ° fc G JnKj}) = ^ ({</ : g° k G (^rV)})- 
Now we fix the choice 

J = J M = {g° k :gef(n%)} c , 
where f2 t_ is constructed in the proof of Lemma 15.21 Consider the maximal too < 

mpT mpT 
M ' M 

for |to| < too — 1. If too = M +1, from Proposition 12.91 we know that u is defined 
on [-T, T] and 

(6.9) || U -e MtH / 2 ° fc H|U„,,.T <M 3 . 

If mo < M, then for some choice of ± sign, we have that f% k (uj) G O^ ^qt and 
< i ) 2 fc -t^oZ (/ 2 t ( w )) G <^m- In fact, if this fails, we can use Proposition 15. 1 1 to extend 

the solution to [— ^ m °M , ^ m °tp T ] with (|6.8[) remaining true, thus contradicting 
the definition of Too- Now we use (|6.7p and sum over to < M to get 

(6.10) (v 2k o /)({« : (ESI) fails}) < M • ^ 2fe ({.g : .g 2 ° fe G J M }). 

In the defocusing case we have v 2k < /z. Using Fubini's theorem we get 

(6.11) : G J^}) > > 1 - Cl e-^ T ' C3MC \ 
hence 

(6.12) (v 2k o : (jSU) fails}) < aMe-^" 3 * 1 " 3 . 
In the focusing case we have 

(6-13) ^-{g) = p 2k (g) = X (\\&\\» «a0 «p (^ll&ll&JiY 



M + 1 so that the equation (|5.1j) has a solution u on [— which satisfies 
(6.8) ||«-e- 1 (*-T)H u (!^:)|| < lf 



4 Here V is some space on which fj, is supported. The exact choice of V is unimportant; for 
example, we may choose V = <S'(IR 2 ), or V = r\ s>0 H- s (M. 2 ). 
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This function, by Proposition l3.6l has bounded L 2 {p) norm, so by Cauchy-Schwartz 
we get 

(6.14) v 2 k ({g : g° k G J M }) < L({g : 9° 2 k € Ja/})) ' < cie"^^ 3 , 

which again implies (|6.12p . We summarize our results in the following proposition. 

Proposition 6.1. For fixed T and k, there exists a subset Qk C £1 so that (y 2 k o 
= 0, and for uj G fife, j5. J|) /ias a unique solution Uk on [—T,T], and that 

(6.15) sup f exp (|K - e- im f° k (cj)\\ e Xcr , b , T ) d{u 2h o /)(«) < oo, 

/or some > 0. 

Proof. We choose 

ftfc = n M > T2 Z M := P| {w : (EU) fails for M}. 

M>T 2 

From the above discussion we easily see v 2 k(f{tt%)) < limjvf^oo fa* (/(^Af)) = 0. 
Also for w ^ Zm the solution Ufe to (15. 1|) exists and is unique, and satisfies 



K-e- itH / 2 ° fc H||^, r <M\ 

In other words we have 

{v 2k o/)(w e 0* : \\u k - e- im f° h (cj)\\ x ^,T > A) < v 2 k(f{Z M )) < cie"^ , 

for all A > T 100 , where M ~ ^4^ is an integer. Since v 2 k of is uniformly integrable, 
the part with small ^4 is also under control. The claim then follows. □ 

With Propositions 15.51 and 16.11 we are now ready to prove the global well- 
posedness part of Theorem 11.11 Denote the integrand in (|6.15l) by T)k(ui), un- 
derstanding r]k(Lu) — when uj g" VL k . Since v 2 k — ¥ v in the strong sense and 
(v 2 k o /)(f2£) = 0, we have (v o — > 0, and we fix a subsequence {k{\ so that 

/)(^fe,) < 00 an d hence (i/o /) (lim sup^^ f2? ) = 0. From Proposition 16. 11 

we get 

(6.16) sup / p 2fc! (w) dP(w) < oo. 

i Jn 

From the proof of Proposition 13.61 we see p 2 k t o / — > p o f almost surely, so by 
Fatou's lemma we get 

(6.17) lim inf rjfe, (w) < oo, 

I— foo 

a.s. in P, on the set where p(f(u>)) ^ 0. By the definition of rjf., if (|6.17[) holds, then 
either lj G fife, for infinitely many I, or there exists a subsequence {fei 3 }j>o t °°! 
such that (|5.1I) has a unique solution u kl for fe = kj on [— T, T], and 

sup||?/ fci . - e~'* H /V (u))\\ x *,h,T < oo. 

In the former case we get a null set (actually a set with null vo f measure, but vo f 
is mutually absolutely continuous with P on the set where p(f(u>)) ^ 0), while in 



^This should not be confused with the f!y notation defined above, since our fi^ is for k > 1 



here! 
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the latter case we can use Proposition 15.51 to deduce that, except for another null 
set, (jl.lOp also has a unique solution u on [-T,T] so that u e e~ itH f(uj) + X a < b ' T '. 

Therefore, for each T > 0, except for a null set, the equation (|1.10|) has a unique 
solution u £ e _ltH /(w) + X r7,b ' T , for ui in the support of p o /. In the defocusing 
case, this support itself has full probability in f2; in the focusing case, it follows 
from Proposition 13.61 that we can choose a countable number of cutoff x, so that 
the (countable) union of the support of the corresponding p o f has full probability. 
In any case we have found a subset of f2 having full probability, such that when uj 
does belong to this set, ()1.10|) has a unique solution u £ e~ ltH /(w) + X a - b ' T . We 
then take another countable union to get that, almost surely in P, equation (|1.10[) 
has a unique solution u on M x R 2 such that 

M€e- iiH /H + r AT C e- itH /H+C([-T,T],H CT (IR 2 )) 

c c([-T,T],n s>a n- s (R 2 )), 

for all T > 0. This completes the proof. 

Remark 6.2. In fact, from the above argument we can extract a polynomial bound 
on the solution; namely we can prove that for each large A, with exceptional prob- 
ability < cie~ C2 ' 4 3 we have 

\\u-e- [tIl f(u)\\ x „ b . T < A(T) C , 

for all T > 0, with some constant C. We omit the details. 



7. Transforming into NLS without harmonic potential 



As we have mentioned before, the idea of introducing the lens transform and 
reducing (|1.2I) to (jl.ll) is inspired by the arguments in [BJ. First we define the lens 
transform ([21], Section 2; [BJ, Section 10) 

.„ . „ . . 1 ,tail(2i) X S i|x| 2 tan(2t) 

(7-1) £«(,.t= -— u( — -— )e § 

v 7 v ' ; cos(2t) v 2 ' cos(2i) ; 

where u is defined on I x R 2 , and Cu is defined on ( - |, |) x I 2 . By a simple 
computation we deduce 

(7.2) (id t - H)(£u)(t, x) - (cos(2i))- 2 £((id t + A)u)(t, x). 
For the inverse transform 

„ i , , os i ,tan _1 (2t) , i . ; N 2 « 

(7.3) /T^M) = (l + 4t 2 )-3 U ( ^J. : (i + 4f2)-5 a .) e 1 TH53- ) 

we have 

(7.4) (ift + A)(£-^)(t, i) = - H) u )(i,x). 

Next we prove that the transform maps the space X a ' b ^ to X a ' b,T , where 
< cr, 6 < 1, < 6 < f , and T = | tan(2<5). First by using a cutoff, we are reduced 
to proving that u h-» £ _1 (x 1 u) is bounded from X a - b to X a ' b , where x = X(X) 
is any smooth function having compact support in \t\ < \. First we fix a. By 
interpolation, we can assume b G {0,1}. If we can prove the result in the case 
6 = 0, then using the identity 



= \\u\\u* + \\^t-mx° 
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(which remains true with X replaced by X and H replaced by A) and (17. 4|) . we 

see 

(7.5) \\C~\x ■ u)\\ x «,i < \\u\\ x „ + || (ifl, - H)( X u)\\ X c,o, 

because v = (idt — H)(xu) has compact support in \t\ < ? , and hence equals Xi v 
for some other xi- Since the last term in (|7.5[) is clearly controlled by ||ti||^<r,i, we 
can conclude the proof for 6=1. Therefore we may only consider 6 = 0. Here it 
is easily seen that we only need to prove that multiplication by e lX ^ is uniformly 
bounded from W to H a for < a < 1 and |A| < 1. By another interpolation we 
may further reduce to a £ {0, 1}. The a = case is obvious; the a — 1 case follows 
from the observation 

V(e iA l 2; l 2 • /) = e iA|a:|2 (V + 2i\x) • /. 
Thus we have the desired bound for all < a, 6 < 1. 

Using (|7.2[) or (|7.4I) we can compute that u is a solution for the Cauchy problem 
(| 1 . 1 2[) on R, if and only if v = Cu is a solution for the Cauchy problem 

id t v + (A - |x| 2 )w = (cos(2i))P~ 3 • \v\P- l v 

v(o) = m 



(7.6) 



on |t| < f . Moreover, if v - e itu f(cu) G A'' 7 ' 6 ^ with S < j, then from the above 



4 

discussion we see that 



C-^( e - HiI f(oj)) e X a > b ' T 

2 ^.y^j , ^ ^ „ —r 4 . 



with T = ±tan(2£) oo as 5 -> f . From (0 we see £- 1 (e _iiH /(a;)) has initial 



value f(ui) and annihilates id t + A, thus it must be e ltA f(uj). This proves (|1.13l) . 
Also from (|7.3p , the constants in the W x — > H% boundedness remains under control 
even near the boundary points ±f. Thus (| 1 . 14|) will follow if (again, note that C 
conjugates the propagtors e ltA and e -1 * H ) 

(7.7) lim^ (v{t) - e- itu f(uj)) exists in U" . 

t— 

What we will prove is that a.s. in P, (|7.6|) has a unique (strong) solution v for 
|*| < f so that v — e _ltH /(w) G X a - b '^ . As is demonstrated above, this implies 
([777)1 and hence Theorem [O] 

The proof is basically the same as (| 1 . 10|) . Noticing m(t) = (cos(2t)) p_3 has all 
its derivatives bounded on K, we see that multiplication by m(t) is bounded from 
any X a ' b (and hence any X <J ' h ' T ) to itself. Therefore, the proof from Proposition 
14.31 to Lemma 15.21 goes without any difficulty, as if this additional factor were not 
present. In the proof of Proposition I5.5[ when we extend the solution to a larger 
interval, we must solve another Cauchy problem, which is no longer (I7.6p . since this 
equation is not autonomous. This, however, is not a problem; since we just replace 
m(t) by some m(t — to) which obeys the same derivative estimates as m(t), we can 
use the same exceptional set as in Proposition ^. 3[ Lemma l5.2l and Proposition l5.51 
and the other discussions remain unchanged. 

The only difficulty we face is the lack of a (formally) invariant measure. This is 
compensated, however, by a monotonicity property, which was first observed in [6]. 

Lemma 7.1. Consider the truncated Cauchy problem 

id t v + (A - \x\ 2 )v = (cos(2i))f- 3 • (M^ 1 !/)^ 
v(0) = f° k (u)) 



(7.8) 
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then for its solution v, the quantity 

£(t,v(t)) = (Hv,v) + — — 

is monotonically nonincreasing in \t\, for \t\ < 



4 ' 

Proof. We directly compute 

d£ 2(p-3)(cos(2t))P- 4 sin(2Q || +1 

d* = jri k«)ii^ 

which is nonpositive for < t < ?, and nonnegative for — ? < t < 0. □ 



We argue as in Section [SJ but we fix T = j here. If we could prove 

(7.9) fi({g : g° k £ J}) > u 2 h {{g : <& 2 * € J}) 

for — ? < t < j, where, of course, $2 fc ,t is now the solution flow of (|7.6j) . then 
combining this inequality with (|6.1ip we can get ()6.12j) . Starting from this point, 
we can follow the argument in Section [6] word by word to get a.s. global well- 
posedness of (|7.6[) on [— f , ?]• 

The proof of (|7.9j) is also simple. By Lemma I7TT1 

2 k 



({g ■■ *a*,tG&) e J}) = tt- 1 - 2 " f e- E ^ f[ dajdbj 

< tt- 1 - 2 " f e- £ (^«)fjda i d6 j 

< J f = Ki9 ■ g° 2 * e J}), 

where Ji = {/i G V^t : $>2 k ,t(h) £ Here we have used the invariance of the 
Lebesgue measure under $2* ti which can be directly verified (see j6], Lemma 8.3). 
Therefore we have completed the proof of Theorem 11.21 



8. Invariance of Gibbs measure 

Now we return to the final assertion of Theorem 11.11 and prove the invariance 
of the Gibbs measure v under the solution flow of (|1.10[) . More precisely, we have 

Proposition 8.1. Denote the solution flow of 11.10\) by $t. There exists a subset 
£ C <S'(R 2 ) such that it has full [i measure, and <I> t becomes a one-parameter group 
from S to £ preserving the measure v (in the focusing case, for each choice of cutoff 
function \)- 

Proof. We only consider the defocusing case. In the focusing case we need to take 
another countable intersection corresponding to the cutoff x chosen, but otherwise 
the proof is completely analogous. Clearly the set fir in Proposition ^. 3l and Lemma 
Elcan be chosen so that e" itH /(fi^) = 



42 



YU DENG 



We define E = Ei n E 2 , where Ei is the set of all g £ <S'(R 2 ) so that JHJ) (with 
initial data ix(0) = g) has a unique solution^ u on R that belongs to e _ltH /(cj) + 
X<?,b,T £ or a jj j 1 > q_ This has full zx measure due to the global well-posedness part 
of Theorem ll.il Also E2 is defined to be E2 = /(liminf f2 c 2 _i) +H' 7 , and this 
also has full tx measure for small enough 7 due to our control on P(f2y). Clearly E 
has full zx measure, and $t is uniquely defined on E. If we can prove $t(E) C E, 
then they obviously form a (measurable) one-parameter group. Clearly $t(E) C E2 
since for a solution it we have u(t) £ e _ltH w(0) +W a . To prove $t(E) C Ei, we only 
need to prove that if it is a solution of (|1.10[> with u(0) £ E2, then it is automatically 
unique. Since all u(t) £ E2, by bootstrap arguments we only need to prove short 
time uniqueness. Write u(0) = f(ui) + h with = A and uj Q C 2- i for all 

large enough i. Repeating the extension argument in Proposition 15.51 we see for i 
large enough depending on A, uj r2 c2 -i and the solution is unique for \t\ < c2~\ 
This proves the existence of E. 

Now we only need to prove that for each measurable set E C E and t £ R, we 
have 

(8.1) v(* t (E)) > u(E). 

By a limiting argument we may assume 

e c n = Ei n ({h : \\h\\ n * < A} + fl /(^ 2 -o) ■ 

^ i>i ' 

We may also assume that \t\ is small enough. 

Let T be small enough depending on io and A, we only need to prove (|8.1[) for 
\t\ < T. Define ^(g) = u — e~ ltu g, where u is the solution to (11.11) with initial data 
<?, and consider the mapping 

*! : n -> A-' 6 ' T x C°° : g h- (( 5 , e fc )) fc > ), 

where in C°° we use the standard metric. This mapping is clearly injective (thus 
it induces a metric on II) and, as will be explained in Remark 18.21 its image is a 
Borel set of the product space (denoted by Y). By a theorem in measure theory 
(see [H]), the finite Borel measure v o Vfj" 1 on the complete separable metric space 
Y is regular. For each measurable set E C n we can find a compact set K C ^i(E) 
so that {v o ^ x ){^l x (E) - K) < e, thus ^^(K) C E is compact in the induced 
metric and v{E — ^^ 1 (A")) < e. Therefore, we only need to prove (|8.ip for compact 
sets E C n. By the invariance of i/S* under the solution flow $2 fc ,t we have 

v»>({9'-9» =®2k,t(h° 2 *), h £ E}) > v 2 k (E). 

Let k — > 00, noticing that the total variance of v 2 k — v tends to zero, we only need 
to prove that 

limsup {g : g° k = $2*^2*)' h G E ) c $ t( £ ')- 

A:— foo 

Now suppose that for a subsequence kj f w e have g° kj = & 2 k j ((C'fcj)^)' ano - 
by compactness, assume /i^ — > /i with respect to the induced metric. We are going 
to prove g = $t(/i). 

It is a bit vague to say u is a "solution" when g is only a distribution; but since we are 
considering E2 also, we can assume here e~ ltH g & Li x on any finite time interval, for appropriate 
q, and then the definition of Si becomes rigorous. 
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First of all, we have 
3.2) lim U 2k , t (h 2k ) - <P t (h) + e- im h^ k \\ a = 0, 



uniformly for \t\ < T and h £ E. In fact, if T is small enough, we may assume 
h = fti + ft 2 , where fti G /(ft§v), 2T < T' < 4T, and ||ft 2 ||w < A. Since T' is 
small enough depending on A, we can almost repeal^ the proof of Proposition 15.51 
to get that the X ab ' T norm tends to 0. Since the X a ' b,T norm is not less than the 
spacial H a norm at time t, (|8.2[) follows. 



From (|872|t we get 

ft, to - = °' 

and we only need to prove 

(8-3) fim ||(*t(^))^ - $t(h) 2kj \\ H „ = 0. 

But since ft.&. — > ft with respect to the induced metric, we only need to prove that 
\\(h kj r 2kj -h^Wn- ->0. 
For i > j we have 

(*2*i,t((^fci)2*<))2^ = ^ = $ 2 fc i,t(( /l %)2 fc j)' 

and by using (|8.2|) once more we see that 

(*t(/^)) 2 % =($ t K)) 2 % + (i), 

as i > j ' — > oo. Again using that ft,/. . — > ft, we deduce 

(8.4) lim \\(h ki -h kj )° k ,\\ n <r =0. 

In particular, we see that limi_ i . 00 (ftfe i )° fej exists in % cr for each j. By the definition 
of the metric, this limit must be h° k . . Therefore we get 

(8.5) lim 11(^-^)^11^=0. 

Combining (|8.4|) with (|8.5jl . we finally see that lrnij-^oo IKftfej)"^ — ft^ = 0. 
This completes the proof of Theorem 11.11 □ 

Remark 8.2. To show that ^(II) is a Borel set in the product metric space, we 
only need to show that \& is injective, Vt'(IT) is a Borel set in X a,b,T , and the map 
: ^(11) — > II is Borelian. To this end we notice 

(8.6) *(g) = -i f e-^-^iHs^-Ms)) ds, 

Jo 

where u = u(g) is the solution map of (|1.2p . ancHs = u(0). Then we can decompose 
<J as 

: g t-> u{g) h> K<?)| p -y<?) ^ *(<?), 

and see that at each step the mapping is injective, and the image of any Borel set 
is again Borelian (for example, the set m(II) can be characterized as the set of all u 



^Actually we do not have the a priori bound on the nonlinear part of truncated equations, but 
since h\ £ f2jv with T" small depending on A, it is not hard to get this from scratch. 

^Here we also require g £ £ for appropriate e, so that u £ C(R, H~ e ) in which u(0) makes 
sense. 
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so that u — e itH u(0) G X a b , u satisfies equation (|1.2j) . and that u(0) G II, so it is 
Borclian). Hence the claim. 



Appendix A. Typical regularity on the support of \x 



In this appendix we shall prove that, if a > |, then almost surely, Hi/(ki) is 
not a (locally integrable) function. More precisely, almost surely in P, we have 

(A.l) VH^/(^)^L 1 (M 2 ), 

for all smooth compactly supported ip that is not identically zero. 

To prove this, first notice that we can find a countable number of tpj such that 
each is compactly supported and equals 1 on some annular region a < \x\ < b, and 
for any other ip there exists rj £ L°° and j so that ipj = tp • r\. So we only need to 
consider a fixed ipj (which we write tp below) and assume it equals 1 for a < \x\ < b. 
Here we use an asymptotic formula of £° proved in [TU] : 

(A.2) C° k (z) = -^(vz)-i cos8 + 0{v-i), 



v-2z 



2tt 

where a 2 < z < b 2 and v — 4fc + 2 is large, and 

v(<t> + sin <p) - 7T 
o = : , <P = 



From (|A.2|) we easily deduce that 

I 



(yz) 4 co&{^/vz — — ) + 0(y 4 ), 



and hence for each k 

(A.3) \\e k ^\\ L i > 



\C° k (z)\te>v-*. 



I a 2 <z<b 2 

Now we define the Gaussian random variable 

M -i H 



fc=0 



whose range lies in a finite dimensional space, and use Lemma 13.31 to get the lower 
bound P(||/im,jv(w)||li > cEm,n) > jq with some absolute constant c, where 



E M ,N = E(||/im,JvM||li) 



r ( M 

/ E( Y / (4k + 2)^-g k (oj)e kiN {x) 
2 V t^o 



dx 



A I 



Y J {^ + 2y- 1 \e KN {x)\ 2 ) dx 



fe=0 



M 



> 5>fc + 2r- i i 



k=0 



and et.N — v(N 2 H)(efci/>). Now for fixed N, we let M — > oo to get 

h M ,N ^7](iV- 2 H)(H^/H- V) 
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in S almost surely, since for fixed n (say n < 3iV), the inner product (e n ,ekip) is 
rapidly decreasing in k (using integration by parts). In particular we have a.s. L 1 
convergence and hence (by taking upper limit of a sequence of sets) 

P(||ry(iV- 2 H)(Hf /(«) • > cE N ) > -L 

where 

/ oo 

E N =\immiE M . N > ( ^(4fc + 2)^- 1 1 1 e fc , jv 1 1 1 x 

v fe=0 

By the uniform boundedness of r)(N~ 2 H), we know r\{N~ 2 Yi-)g — > g in L 1 for any 
g G L , so we have 



limmf E N > ( ^(4fc + 2) ff - 1 ||e fc ^||| 1 J > ( ^(4fc + 2) CT 



k=0 ' x fc=0 



OO, 



due to (|A.3[) . Now we take another upper limit, and see that with probability > j^, 
we have 

(A.4) limsup ||?7(iV- 2 H)(Ht f{w) ■ ip)\\ L i = oo. 

N— >oo 

Now (|A.4j) implies (|A.1|) . again because of the uniform boundedness of 7y(iV _2 H) 
on L 1 . Therefore we have proved that (|A. 1[) holds with positive probability. Since 
it is clearly a tail event (because • ip themselves are Schwartz functions) , it must 
hold with probability one. 
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